TOTALLY REAL IMMERSIONS OF SURFACES 

Andrzej Derdzinski and Tadeusz Januszkiewicz 

Totally real immersions / of a closed real surface 2 in an 
almost complex surface M are completely classified, up to ho- 
motopy through totally real immersions, by suitably defined 
homotopy classes of mappings from S into a specific 

real 5-manifold E(M), while 9Jt(/) themselves are subject to 
a single cohomology constraint. This follows from Gromov's 
observation that totally real immersions satisfy the fa-princi- 
ple. For the receiving complex surfaces C 2 , CP 1 X CP 1 , CP 2 
and CP 2 # mCP 2 , m = 1, 2, . . . , 7, and all E (or, CP 2 # 8 CP 2 
and all orientable £), we illustrate the above nonconstructive 
result with explicit examples of immersions realizing all possi- 
ble equivalence classes. We also determine which equivalence 
classes contain totally real embeddings, and provide examples 
of such embeddings for all classes that contain them. 

0. Introduction 

Given an almost complex surface, that is, an almost complex manifold M 
with dimR,Af = 4, we ask which closed real surfaces U admit totally real 
immersions/embeddings / in M, and how such / can be classified up to the 
equivalence relation ~tri of being nomotopic through totally real immersions. 

We study these questions using a two-pronged approach. First, our Theo- 
rems 2.1 and 2.2 provide an answer for totally real immersions. Theorem 2.2 
states that, when M is simply connected, the ~t r i equivalence class of a 
totally real immersion / : £ — > M is completely determined by the Maslov 
index i = i(/) and degree d = d(/) of /, which in turn form an arbi- 
trary element (i, d) of a specific set depending on M and E. Theorem 2.1 
classifies such ~ tr i equivalence classes for arbitrary M, using the Maslov 
invariant 9Jt(f), valued in a certain set of homotopy classes of mappings. 
Our definition of 97T(/) in Section 2 is based on that in [Arnol'd 1967]. 

What makes Theorems 2.1 and 2.2 less than completely satisfactory is the 
reliance of their proofs on Gromov's observation [Gromov 1986, p. 192] that 
totally real immersions satisfy the /i-principle. Consequently, those proofs 
offer little information about how the immersions which are shown to exist 
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might actually be constructed. In addition, the two theorems deal only with 
the case of totally real immersions, as opposed to embeddings. 

To make up for such shortcomings, we devote most of this paper (start- 
ing from Section 9) to our second approach, which deals with totally real 
immersions and embeddings E — > M of arbitrary closed real surfaces E in 
the "model" simply connected complex surfaces 

(0.1) C 2 , CP 2 , CP^CP 1 and CP 2 #mCP 2 , m > 1, 

CP 2 #mCP 2 being obtained by blowing up any set of m points in CP 2 . 
For these M, we provide explicit answers to the questions stated in the first 
paragraph. We begin by settling the existence question for totally real im- 
mersions/embeddings in M. (Table 1 in Section 2 summarizes the results.) 
Next, we construct examples of totally real immersions realizing all possible 
index-degree pairs (i,d). When m < 7 in (0.1), or m = 8 and E is 
orientable, this also answers the question about embeddings: some of our 
examples are embeddings, while, as an intersection argument shows, none 
of the other pairs (i , d) comes from a totally real embedding. 

The constructions in question are summarized in Theorems 2.16 and 2.17. 

In our second approach we make a point of not using Theorems 2.1 or 
2.2. Instead, our nonexistence results are directly derived from obstructions 
involving characteristic classes and cohomology operations (for immersions), 
as well as intersection numbers (for embeddings); the existence assertions 
are in turn established by explicit constructions. 

To prove Theorem 2.17 for CP 2 #mCP 2 with m = 6, 7, 8 we study the 
case where a totally real immersion/embedding E — > M of a closed ori- 
ented real surface E in an almost complex surface M can be obtained by 
deforming its exact opposite, that is, a pseudoholomorphic immersion/em- 
bedding / : E — > M. This turns out to be possible if and only if the 
normal bundle v of / and the tangent bundle r of E are anti-isomorphic 
as complex line bundles (Theorem 2.18), while the required (small) defor- 
mation is achieved by moving in the direction of a section tp of v such that 
dip 7^ everywhere, d being a Cauchy-Riemann operator. Although less 
constructive than the other existence proofs in the second part of the paper, 
such a technique is still more explicit than a general /i-principle argument: 
it requires only finding a section ip of v such that dip trivializes the line 
bundle Home (r, v) (assumed trivial to begin with) . 

Our interest in the subject was sparked by the paper [Forstneric 1992]. 

1. Preliminaries 

By 'planes' and 'lines' we always mean vector spaces. All manifolds are of 
class C°° and connected, except when explicitly stated otherwise. 
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An almost complex manifold is a real manifold M with an almost complex 
structure, that is, a G°° bundle morphism J : TM — > TM such that J 2 = 
— Id. The tangent bundle TM then becomes a complex vector bundle, in 
which J is the multiplication by i. We usually write iv rather than Jv for 
v G T X M and x G M. 

A real vector subspace IF of a complex vector space V is said to be 
totally real if WD iW = {0}. A totally real immersion/ embedding of a real 
manifold Z" (with or without boundary) in an almost complex manifold 
M is an immersion/embedding / : E — > M such that the image of the 
differential c// s at any x G X 1 is a totally real subspace of Tfr x \M. If / is a 
totally real embedding, the image f{E) is called a totally real submanifold 
of M. (See [Chen and Ogiue 1974], [Gromov 1986] and Remark 1.3.) 

Given an almost complex manifold M with dimcM = n, we define 
E + (M) and E{M) to be the unit circle bundles of the determinant bundle 
detc TM = [TM] An and, respectively, of its square [det c TM]® 2 . Thus, 
E(M) is the RP 1 bundle over M associated with det c TM. Both E = 
E(M) and E = E + (M) are the total spaces of principal U(l)-bundles over 
M, leading to the homotopy exact sequences 

injective connecting onto 

(1.1) 1T 2 E ► TT 2 M ► Tl[IJ(l)] = Z ► 7T\E ► 7T\M . 

One also has an obvious twofold covering projection 

(1.2) E + (M) -► E(M) = E + (M)/Z 2 , 

equivariant relative to the homomorphism U(l) 3 z i— >• z 2 G U(l). Thus, 

(1.3) tti[E + (M)] C tt\[E(M)] , tvi[E(M)] / tti [E + (M)\ = Z 2 , 
If, in addition, M is simply connected, (1.3) and exactness of (1.1) give 

(1.4) tti [E(M)\ = Z q for some q G {2, 4, . . . , cxj} , where we set Z^ = Z . 

(More on q can be found in Section 27.) For any manifold U and any 
Abelian group G, we have natural isomorphic identifications 

(1.5) H l (U,G) = Hom(7rii7,G) = Hom(ifi(27,Z),G). 
Thus, according to (1.5) with G = Z 2 , 

(1.6) Wi(I7) G i^ 1 (Z', Z 2 ) is the orientation homomorphism 7Tii7 — > Z 2 . 

We will also use Wu's formula [Milnor and Stasheff 1974], valid whenever 
E is a closed real surface: 

(1.7) Wl {E)^ Wl {E) = [x(Z)mod2] € H 2 (E,Z 2 ) = Z 2 . 

Remark 1.1. In terms of (1.5), the homomorphism H l (E, G) — > H 1 ^, G') 
of coefficient reduction, corresponding to a homomorphism /i : G — > G' of 
Abelian groups, sends a homomorphism tp : H\(E, Z) — > G to b^). 
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Remark 1.2. The following properties of closed real surfaces E are both 
well known and easily derived from Remark 25.1 and (25. 3. i) in Section 25: 
the torsion subgroup of Hi(E, Z) is trivial when E is orientable, and iso- 
morphic to Z 2 otherwise; while, if x(^) is odd, the torsion subgroup is not 
contained in the kernel of w\(E). 

Remark 1.3. Our definition of a totally real subspace W C V differs from 
that in [Gromov 1986], where Span c W is required to have the maximum 
possible dimension min(/c,n), for k = dimptW^ and n = dimc^. The two 
definitions agree if k < n, and are both devoid of content if k > In — 1 (as 
one of them then makes every subspace totally real, and the other allows 
no such subspace unless n = k = 1); however, k < n or k > 2n — 1 when 
n = 2 (and k < 2n), which is the case of our main interest. 

2. Statement of the results 

Let E{M) and E + {M) be as in Section 1 for an almost complex manifold 
M with dimcM = n. In view of (1.3), there exists a unique homomorphism 

(2.1) toi : m[E(M)] -> Z 2 with Ker toi = Tn[E + (M)] . 

Thus (cf. (1.5)), toi € H 1 (E(M), Z 2 ) \ {0} is the first Stiefel-Whitney class 
of the real line bundle over E(M) associated with the Z 2 bundle (1.2). 

If / : E — > M now is a totally real immersion of a real manifold E in 
an almost complex manifold M with dimR^ = dimcM = n, we define 
the Maslov invariant 9Jt(/) of / to be the homotopy class of the mapping 
E — > E(M) that sends x G E to the real line in [T^ x -jM] An spanned by 
the (complex) inner product vi A . . . A v n , where Vj = df x ej for any basis 
ei,...,e n of T X E. (See also Section 3 below and [Arnol'd 1967].) 

Obviously, 9JI(/) depends only on the ~ t ri equivalence class of /, for 
~tri defined in the Introduction. In Section 4 we prove the following result. 

Theorem 2.1. Given an almost complex surface M and a closed real sur- 
face E, the assignment f 1— > SPT(/) establishes a one-to-one correspon- 
dence between the set of all ~ t ri equivalence classes of totally real immer- 
sions f : E — > M and the set of those homotopy classes of mappings 
0:E^ E(M) for which 

(2.2) e*to 1 = w 1 (E) mH 1 (E,Z 2 ), with toi G H 1 (E(M), Z 2 ) as in (2.1). 

If M in Theorem 2.1 happens to be simply connected, SDT(/) may be 
replaced by a pair of more tangible invariants: the Maslov index /(/) of a 
totally real immersion / : E — > M, and its degree d(/), described below. 

Specifically, discussing mappings / from a real n-manifold E into an 
almost complex manifold M, we will assume that an orientation of E has 
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been selected, as long as one exists; that is, E is either oriented, or nonori- 
entable. We then define a group Zpj associated with E by 

(2.3) Z[ 2 ] = Z if E is oriented, Z[ 2 ] = Z 2 if 17 is not orientable. 
Let [17] G H n (E, Zr 2 i) be the fundamental homology class of 17. We set 

(2.4) d(/) = /*[27] G H n {M,Z [2] ) with n = dim R 17 and Z [2] as in (2.3). 

If / is a totally real immersion of a real manifold 17 in an almost com- 
plex manifold M and dimR,17 = dimcM = n, we define /(/) to be the 
homomorphism -f 7Ti[£7(Af)] induced by SER(/). Thus (cf. (1.4), (1.5)), 

(2.5) /(/) G H\E, Z q ). 

Rather than being arbitrary elements of the (co)homology groups in ques- 
tion, /(/) and d(f) are both confined to specific subsets. Namely (see 
Lemma 7.1(b)), for a totally real immersion / of a closed real surface E in 
a simply connected almost complex surface M, and q as in (1.4), 

(2.6) i(/)G 3,(27) C H\E,Z q ) and d(/) G £>±(M) C H 2 (M,Z [2] ). 
Here e and ± are Z 2 -valued parameters, determined by 17 as follows: 

(2.7) e = 1 if E is orientable, e = if it is not, and (-1)*^ = ±1, 
while 2)£(M) C H 2 (M,Z 2 ) and D^(M) C H 2 (M,Z) are defined by 

D°(M) = Ker[w 2 (M)], 23° (M) = H 2 (M, Z 2 ) \ Ker [w 2 (M)] , 
(2 ' 8) S)^(M) = Ker[ Cl (M)], Si(M) = 0, 

with ci(M) : H 2 (M,Z) -> Z and w 2 {M) : H 2 (M,Z 2 ) -> Z 2 . Therefore, 
33±(M), if nonempty, is a coset of a subgroup in H 2 (M,Z 2 ) or H 2 (M,Z). 
Finally, 3,(17) C H l (E,Z q ) is given by 

(2.9) 3,(17) = {A G if 1 (27, Z q ) : [A mod 2] = wi(27)} , 

where ^(17, Z q ) 3 A i-> [A mod 2] G i? 1 (27, Z 2 ) denotes the mod 2 reduc- 
tion homomorphism corresponding to the unique nonzero homomorphism 
Z q -> Z 2 . (Recall that g G {2,4,6, ... ,00} in (1.4).) In Sections 7 and 8 
we establish the following theorem. 

Theorem 2.2. Given a simply connected almost complex surface M and 
a closed real surface E, the assignment f ^ (j(/), d(/)) defines a bijec- 
tive correspondence between the set of ~ t ri equivalence classes of totally real 
immersions f : E — > M and a specific subset Z(E, M) of the Cartesian 
product 3,(17) x 2?|(M) ; in the notation of (1.4) and (2.7) - (2.9). 

The set Z(E,M) coincides with 3,(27) x £>|_(M) except in the case 
where, simultaneously, E is nonorientable and x(27) is even, while g is 
finite and divisible by 4. In this latter case, Z(E,M) has half of the 
(finite) number of elements of 3,(17) x 2)±(M), and consists of those (i,d) 
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in 3 q (E) x ®±(M) which satisfy the following condition: if the image of 
the unique torsion element in Hi(E,Z) under i : Hi(E, Z) — > Z q is zero 
(or, nonzero), then d G H2(M, Z2) is (or, respectively, is not) the mod 2 
reduction of an element of Ker [ci(M)]. (Cf. (1.5) and Remark 1.2.) 

In contrast with Theorems 2.1 and 2.2, which make use of the ^-principle, 
all the results listed below are established by explicit geometric arguments. 
First, in Section 21 we prove the following six statements. 

Theorem 2.3. Let M be any almost complex surface. The class of closed 
real surfaces E admitting a totally real embedding (or, immersion) in M 
then includes the 2-torus T 2 and Klein bottle K 2 (and, for immersions, also 
the 2-sphere S 2 ), and is closed under the mapping E 1— > E ' ffT 2 ffK 2 (and, 
for immersions, under the connected-sum operation (E,E') 1— > E#E'). 

Corollary 2.4. Any closed real surface with an even Euler characteristic 
admits a totally real immersion in every almost complex surface. 

Corollary 2.5. The 2-torus T 2 and all nonorientable closed real surfaces 
E with x(E) = mod 4 admit totally real embeddings in every almost 
complex surface. 

Corollary 2.6. Let M be an almost complex surface. If there exists a 
totally real immersion RP 2 -» M, then every closed real surface E admits 
a totally real immersion in M. 

Corollary 2.7. Every closed real surface admits totally real immersions in 
CP 2 and in all complex surfaces obtained from CP 2 by blowing up any finite 
number of points. 

Corollary 2.8. The torus T 2 , sphere S 2 , and all nonorientable closed sur- 
faces admit totally real embeddings in CP 2 #mCP 2 for every integer m > 2. 

Here and in the sequel, given a complex surface M, the connected sum 
M # s CP 2 stands for any complex surface obtained by blowing up s dis- 
tinct points in M. 

Corollaries 2.4, 2.8 and Theorem 2.3 lead in turn to the following three 
results, the detailed proofs of which are given in Section 21 and Section 22: 

Corollary 2.9. For any almost complex surface M which is a spin man- 
ifold, the closed real surfaces E that admit totally real immersions in M 
are precisely those having even Euler characteristics. This is, for instance, 
the case for M = C 2 and M = CP 1 x CP 1 . 

Corollary 2.10. The class of closed real surfaces admitting totally real em- 
beddings in CP 1 x CP 1 consists of the torus T 2 , the sphere S 2 , and all 
nonorientable closed surfaces with even Euler characteristics. 
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Corollary 2.11. For any fixed m € {2, 3,..., 9}, the class of closed real 
surfaces admitting a totally real embedding in CP 2 #mCP 2 consists of the 
torus T 2 , the sphere S 2 , and all nonorientable closed surfaces. 

In each of the last three corollaries an existence statement based on an 
explicit elementary construction is coupled with a nonexistence assertion 
that uses elementary topological obstructions: an intersection-number rela- 
tion (5.4) or (5.5), and a condition involving either the first Chern class (for 
orientable surfaces E), or Stiefel-Whitney classes (for nonorientable E). 

The Stiefel-Whitney class obstruction in (5. 3. a) fails, however, to detect 
that some nonorientable closed surfaces E do not admit totally real embed- 
dings in C 2 , CP 2 or CP 2 #CP 2 . Instead, we use Massey's formula (23.1) 
involving mod 4 intersection numbers and Pontryagin squares. This leads 
to a proof, in Section 23, of the next three corollaries. 

Corollary 2.12. A closed real surface E admits a totally real embedding 
in C 2 if and only if E is either diffeomorphic to the torus T 2 , or E is 
nonorientable and x(^) = mod 4. 

Corollary 2.13. The class of closed real surfaces that admit a totally real 
embedding in CP 2 consists of the torus T 2 and all nonorientable closed 
surfaces E with x(^) = or x(^) = 1 mod 4. 

Corollary 2.14. The closed real surfaces admitting totally real embeddings 
in the complex surface CP 2 #CP 2 are: the torus T 2 , and all nonorientable 
closed surfaces whose Euler characteristics are odd or divisible by 4. 

Corollaries 2.7 and 2.9 - 2.14 are summarized in Table 1. For a conclusion 
similar to but weaker than Corollaries 2.13 and 2.14, see Proposition 5.1. 

Table 1. Totally-real immersibility/embeddability of closed 
real surfaces E in the complex surfaces (0.1) with m < 9. 
Here t.r. means 'totally real' and X4 £ {0, 1, 2, 3} stands for 
x(E) mod 4. 



the complex surface 


M=CP 2 


M=CP 2 #mCP 2 


M=CP 1 xCP 1 


M=C 2 


which orientable E are 
t.r. embeddable in M 


T 2 only 


T 2 only if m=l; 
S 2 , T 2 if 2 < m < 9 


S 2 , T 2 only 


T 2 only 


t.r. embcddabil- 
ity condition for 
nonorientable E 


X4G{0,1} 


X4 7^ 2 if m = 1 ; 
all E t.r. embed- 
dable if 2 < m < 9 


X(^) even 


divisible 
by 4 


when a t.r. immer- 
sion E — > M exists 


exists for all E 
(since it does for I7 = RP 2 ) 


if and only if x{^) i s even 
(just because M is spin) 



Further such results can be derived from the following more general exis- 
tence theorem, proved in Section 14 via another explicit argument. 
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Theorem 2.15. Let M' be the complex surface obtained by blowing up k 
distinct points, k > 1, in a given complex surface M. The class of closed 
real surfaces admitting a totally real embedding in M' then includes 

a) the 2-sphere S 2 , if k > 2, 

b) the connected sum E#s~RP 2 , whenever s E {0,1,..., fe} and E is 
any totally real closed surface embedded in M that contains at least 
s of the k blown-up points. 

Theorem 2.16. // M is one of the complex surfaces (0.1) and E is a 

closed real surface, then 2(E, M) defined in the lines following Theorem 2.2 
coincides with the set of all pairs (i,d) such that = i and d(f) = d 
for some totally real immersion f : E — > M . 

The last result, as stated, is a special case of Theorem 2.2; however, we 
establish it separately in Section 30, using - in contrast with our proof of 
Theorem 2.2 in Sections 7 and 8 - only explicit geometric constructions. 

Geometric constructions are also used to prove, in Section 36, a similar 
theorem about totally real embeddings. First, according to (5.5) and (23.2), 



Here d = d(/) is the degree of any totally real embedding of a closed real 
surface E in an almost complex surface M and • denotes the intersection 
form in H2(M, Z). In (2.10.ii), M is assumed, in addition, to be either 
diffeomorphic to C 2 (and then d 2 stands for E Z4), or compact and 
simply connected (and then we set d 2 = [£ ^ £ mod 4] <G H 4 (M, Z4) = Z4 
for any £ E H 2 (M,Z) such that the mod 2 reduction of £ is the class 
fi E H 2 (M, Z 2 ), Poincare-dual to d G H 2 (M, Z 2 )). 

Let M be one of the complex surfaces (0.1). If U is any closed real 
surface, the index-degree pairs (i,d) of totally real immersions S —> M 
are precisely the elements of 2(E, M). (See Theorem 2.16 or Theorem 2.2.) 
That is no more the case when 'immersion' is replaced by 'embedding' since, 
as we just saw, (2.10) then must hold as well. For the surfaces (0.1) with 
1 < m < 7, condition (2.10) is, in fact, the only additional obstruction: 

Theorem 2.17. Let M be one of the complex surfaces (0.1) for 1 < m < 8, 

and let E be a closed real surface, orientable if m = 8. Any (i,d) in the 
set Z(E,M) described immediately after Theorem 2.2, such that d satisfies 
(2.10), then equals (i(/),d(/)) for some totally real embedding f : E — > M. 

Our proof of Theorem 2.17 for CP 2 #mCP 2 with m = 6,7,8 uses a 
fact, stated below as Corollary 2.21, and obtained by deforming pseudohol- 
omorphic immersions/embeddings to totally real ones (cf. the end of the 
Introduction). The following four results are proved in Sections 33 - 34. 



(2.10) 



i) d d 

ii) d 2 = 



= —x(E) E Z, if E is orientable, 

[x(ZJ) mod 4] E Z4 , if E is not orientable. 
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Theorem 2.18. Given a pseudoholomorphic immersion/ embedding f of 
a closed oriented real surface E in an almost complex surface M, the fol- 
lowing three conditions are equivalent: 

a) the tangent bundle r of E and the normal bundle v of f are anti- 
isomorphic as complex line bundles, 

b) f*[det c TM] is trivial, that is, /*ci(M) = in H 2 (E,Z), 

c) / is homotopic through immersions/ embedding s E — > M to a totally 
real immersion/ embedding f':E—> M . 

Moreover, f in (c) then can be chosen arbitrarily C 1 -close to f. 

Here we call an immersion / : E — > M pseudoholomorphic [Gromov 1986] 
if, for each x G E, the image df x (T x E) is a complex line in Tf^M and 
the isomorphism df x : T X E — ► df x (T x E) is orientation-preserving. 

Let M' be the complex surface obtained from a given complex surface 
M by blowing up any (ordered) fc-tuple of distinct points. We will use the 
isomorphic identification 

(2.11) H 2 (M',Z) = H 2 (M,Z) x Z k , 

with the convention that, for any oriented closed real surface E embedded 
in M', the Z k component of its homology class [E] in the decomposition 
(2.11) consists of the ordered /c-tuple formed by the intersection numbers of 
E with the resulting k exceptional divisors in M'. 

Theorem 2.19. Let E be a one- dimensional compact complex subman- 
ifold of a complex surface M, and let c be the integral of c±(M) over 
E. If c > and M' is the complex surface obtained from M by blow- 
ing up any k-tuple of distinct points, where k > c, then E admits a to- 
tally real embedding f in M' such that, under the identification (2.11), 
f*[E] = ([E], 1, . . . , 1, 0, . . . , 0) with c > occurrences of 1 and k — c > 
occurrences of 0. 

The identification Hi{M' ■, Z) = Z k+1 used in the next two corollaries is 
nothing else than (2.11) for M = CP 2 , with H 2 {CV 2 , Z) = Z. 

Corollary 2.20. Given integers d, k with k > 3d > 3, let M' be the 

complex surface obtained from CP 2 by blowing up any ordered set of k 
points. Then the closed orientable surf ace E of genus (d— l)(d— 2)/2 admits 
a totally real embedding f : E — > M' with f*[E] = (d, 1,1, ... ,1,0, ... , 0), 
where 1 occurs 3d times and occurs k — 3d > times. 

Corollary 2.21. Given positive integers d,j with j > 2d+2, let M be the 
complex surface obtained from CP 2 by blowing up any j-tuple of distinct 
points. Then there exists a totally real oriented 2-sphere E embedded in 
M such that [E] = (d, d — 1, 1, . . . , 1, 0, . . . , 0), with 1 occurring 2d + 1 
times and occurring j — 2d — 2 times. 
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3. A Z2 co homology constraint 



Given a complex vector space V with dimcU = n > 1, let TR(V) (or, 
TR + (1/)) denote the set of all totally real (or, respectively, oriented totally 
real) vector subspaces of real dimension n in V. (See Section 1.) Also, let 
RP(W /r ) (or, S(W^)) be the real projective space (or, sphere) of all real lines 
through (or, respectively, rays emanating from 0) in any given real vector 
space W. We have natural mappings 



(3.1) £ : TR(V) -» RP(V An ) , £+ : TR+(V) -> S(V An ) 



sending each W in TR(V) or TR + (U) to the real line/ray containing 
ei A . . . A e n , where e±, . . . ,e n is any basis (or, positive-oriented basis) of 
W, and V An is the nth complex exterior power of V . Thus, V An is a 
complex line, while ~RP(V An ) and S(V An ) are circles. For a totally real 
immersion / of a real manifold E in an almost complex manifold M with 
dimRZ 1 = dim c M = n, the Maslov invariant 9Jt(/) € [i7,E(M)] was 
defined, in Section 2, to be the homotopy class of the mapping 



which sends each x G £ to the real line £(df x (T x E)) in [T /(a;) M] An , with 
£ as in (3.1) for V = Tf^M. If, in addition, E is orientable, 93T(/) can 
be lifted to £7 + (M), that is, there exists a naturally distinguished homo- 
topy class M + (f) € [£, £ + (M)], whose composite with (1.2) is M(f). A 
representative of Wl + (f) is + {f) : U — > E + (M) obtained by fixing an ori- 
entation of Z", which does not affect the resulting homotopy class, and then 
assigning to any x <E U the ray £ + (df x (T x E)) in \T^ x ^M] An (notation of 
(3.1)), with df x (T x E) oriented via df x . 

Being a homotopy class of mappings, Wl(f) induces a homomorphism 



of the fundamental groups (with fixed base points) . Under the identifications 
(1.4) and (1.5), the homomorphism (3.3) coincides with /(/) in (2.5). 

Proposition 3.1. Let f : E — > M be a totally real immersion of a real 
n-manifold E in an almost complex manifold M with dimcM = n. Con- 
dition (2.2) then holds for the mapping = 0(f) appearing in (3.2). 

Proof. Let T = Ker [w\ (E)] , so that T is the subgroup of index 1 or 2 
in t\\E formed by all homotopy classes of loops 7 : S 1 — > E for which 



7*(TI7) is orientable. Orientability of ^*(TE) means that the composite 
0(f) o 7 can be lifted to a loop in E + (M), that is, its homotopy class lies 
in TTi[E+(M)] = Kerffii (see (2.1)). Thus, T = Ker(ft>i o [©(/)]„). Hence 
K>i [©(/)]* = W!(E), and so (1.5) gives (2.2) with 0* = [93T(/)]*. □ 



(3.2) 



0(f) : E -> E(M) 



(3.3) 



[©(/)]*: TTi E tti[£;(M)] 
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Remark 3.2. Let Z, M and E(M) be a closed real manifold, an almost 
complex manifold and, respectively, the principal U(l)-bundle over M de- 
fined in Section 1. Furthermore, let / : Z — > M be a continuous mapping. 

i) Continuous lifts : Z — > E(M) of / satisfying (2.2) are nothing else 
than real-line subbundles of f*[detcTM] isomorphic to detRTZ. 

ii) A lift /subbundle in (i) exists if and only if the complex line bundle 
/*[detcTM] over Z is isomorphic to the complexification [detRTZ] c . 

In fact, a lift of / to E(M) selects a real line X in [detcTM]fM for 
each x G Z, that is, forms a real-line subbundle of f*[detcTM], while (2.2) 
states that this subbundle is isomorphic to detRTZ. 

4. Proof of Theorem 2.1 

Let Ti be the set of all homotopy classes of mappings : Z — > E(M) 
with (2.2). Given (x,p) G E x E(M), let D[x,p] be the set of all injective 
real-linear operators A : T X E —> T y M such that y G M is the image of p 
under the bundle projection E(M) — > M and the image A(T X E) is a totally 
real subspace of T y M satisfying the condition £(A(T X E)) = p for £ as in 
(3.1) with V = T y M. The Lie group G X;P of all complex automorphisms 
B of T y M with detc-B G R, for y as above, now acts on D[x,p] simply 
transitively by the left multiplication, giving rise to a homotopy equivalence 
D[x,p] w SU(2) x Z 2 . 

In view of Proposition 3.1, the assignment / i— > 9Jl(/) descends to a 
mapping T — > 7Y, where T is the set of all ~ t ri equivalence classes of 
totally real immersions U — > M. To show that T — > H is surjective, let 
: Z 1 — > E(M) be continuous and satisfy (2.2), and let yl be (the total 
space of) the bundle over E with the fibres A x = D[x, 0(x)], for x G E. 

Then 7l has two connected components: they are bundles over E, and 
their fibres, homotopy-equivalent to SU(2), are connected components of 
the fibres of A. In fact, as stated at the very end of the last section, we may 
choose a vector-bundle isomorphism F between detRTZ and treated 
as a real-line bundle over Z. A selection of one connected component of 
A x , varying continuously with x G Z, consists of those A G A x inducing 
real-line isomorphisms [T- C Z] A2 — > X equal to F x times a positive factor. 

Using a CW-decomposition of the surface Z we now see that (a con- 
nected component of) A admits a continuous section, and so surjectiv- 
ity of T — > H follows from the /i-principle for totally real immersions 
[Gromov 1986, p. 192]. 

Finally, to show that T — > TL is injective, consider two totally real immer- 
sions f,f':E—*M with SPt(/) = VJl(f'). We may thus choose a homotopy 
[0, 1] 3 1 1— > @t between the mappings 6>o = ©(/) and 6>i = 0(f) defined 
as in the line following (3.2). If E now is the bundle over Z x [0, 1] with the 
fibres D[x,0t(x)], for (x,t) G Z x [0,1], a CW-decomposition argument 
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shows, as before, that (a connected component of) E admits a continuous 
section which coincides with df on E x {0} and with df on E x {1}. 
More precisely, if an extension of df to a section of E thus obtained has a 
restriction to E x {1} lying in a different connected component than that 
containing df, a correction can be made by extending the original homo- 
topy to one parametrized by t £ [0,2], with t = e 2 ^ l ^ m Oi for t <G [1,2] 
(multiplication in the principal U(l)-bundle E(M)). 

Hence, according to the /i-principle [Gromov 1986, p. 192], / and /' are 
homotopic through totally real immersions, which proves Theorem 2.1. 

Note that, as SU(3) is 2-connected, the surjectivity part of the above 
argument is still valid when the dimension n = 2 is replaced by n = 3. 

5. Topological obstructions 

Every almost complex manifold carries a natural orientation. Specifically, 
an n-dimensional complex vector space V (1 < n < oo) becomes an ori- 
ented real vector space if one declares the real basis ei, ie±, . . . , e n , ie n to 
be positive oriented for some (or any) complex basis e±, . . . ,e n . With this 
convention, the effect on the orientation of the direct sum operation for com- 
plex spaces agrees with that for oriented real spaces. For the oriented totally 
real subspace W = Span R {ei, . . . , e n } of V, with the orientation of iW 
obtained using the direct-sum requirement (that V = W © iW as oriented 
spaces), the isomorphism W — > iW of multiplication by i "multiplies" the 
orientation by the sign factor (— 1)™(™ -1 )/ 2 . 

Let / now be a totally real immersion of a real n-manifold E in an 
almost complex manifold M with dimcM = n. The multiplication by i 
provides an isomorphic identification between the tangent bundle r of E 
(treated as a subbundle of f*TM) and the normal bundle v of /. Thus, 

(5.1) r = (-l)™^- 1 )/ 2 !/, where r = df(TE) and v = [f*TM}/r . 

The factor (— l)™( ri_1 )/ 2 represents the orientation if E is oriented, and is 
to be ignored otherwise. In the former case, the isomorphism r ~ v in (5.1) 
is orientation-preserving if and only if n = or n = 1 mod 4. 

Let / : E — > M be a totally real immersion of a /c-dimensional real 
manifold E in an almost complex manifold M with dimcM = n. Thus, 
k < n and we have an obvious isomorphic identification Span c r = [TZ] 
of complex vector bundles over E, with r C f*TM as in (5.1), and [ ] c 
denoting complexification. In fact, since / is an immersion, r is isomorphic 
to TE, while Span c r r c as / is totally real. 

If, in addition, E is closed and dimR,i7 = dimcM, we can rewrite the 
relation Span c r = [TE] C as Span c [df{TE)\ = f*TM, which, followed 
by the operation detc, leads to natural isomorphic identifications 

(5.2) i) f*TM = [TE] C , ii) /*[det c TM] = [det R Ti7] c . 
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Here and in the sequel, given a real manifold E with diniRZ" = n (or, 
an almost complex manifold M with dimcM = n), we will denote by 
detnTU = [TE] An or det c TM = [TM] An the determinant bundle of the 
tangent bundle, that is, its highest real/complex exterior power. Taking w 2 
(or ci) of both sides in (5.2.H) and noting that detRTI7 is trivial if E is 
orientable, we obtain 

a) f*[w 2 {M)} = Wl (E) ~ Wl (E) in H 2 (E,Z 2 ), 

b) /*[ci(M)] = in H 2 (E,Z) whenever E is orientable. 

If, in addition, / : E — > M is a totally real embedding and the closed 
manifold £ with dhuR^C = dimcM = n is orientable, we have 

(5-4) U[E] ■ U[E] = (-lY^-^xiE), 

where f*[E] € H n (M,Z) corresponds to either fixed orientation of E and 
the dot • denotes the Z-valued intersection form. In fact, the Euler class 
e(is) of the normal bundle v = i/f of any embedding / : E — > M, integrated 
over E, yields f*[E] ■ f*[E], while for totally real embeddings /, (5.1) gives 
J E e(iy) = (—l) n ^ n ~ 1 ^ 2 X (E) . When E is not assumed orientable, instead 
of (5.4) the same argument gives 

(5.5) ME] ■ ME] = [ X (E)mod2], 

where, this time, f*[E] € H n (M, Z 2 ) and • takes values in Z 2 . 

Proposition 5.1. Let a closed, orientable manifold E of even real dimen- 
sion n>2 admit a totally real embedding in M = CP n or in the complex 
manifold M = CP ra # CP™ obtained from CP™ by blowing up a point. 

i) // M = CP™, then (-l) n / 2 X {E) > and either X {£) = mod 4 
or x{£) = 1 mod 4. 

ii) If M = CP™ # CP™, then x(%) is either odd, or divisible by 4. 

Proof. The (quadratic) intersection form in H n (M, Z) is algebraically equiv- 
alent to Z B p i— > p 2 or Z © Z 3 (p, q) i— > p 2 — q 2 . As p 2 = pp and 
p 2 — q 2 = (p + q)(p — q), with both factors even or both odd, our claim 
follows from (5.4). □ 

Corollary 5.2. // n is even, S n admits no totally real embedding in CP™ 
or CP"#CP^. 

As shown in [Ahern and Rudin 1985], an analogous claim fails for n = 3. 

Finally, given a continuous mapping / : E — > M of a closed real surface 
E into an almost complex surface M, conditions (5.3) are not only neces- 
sary for / to be homotopic to a totally real immersion E — > M, but also 
sufficient. This is clear from Theorem 2.1 and Remark 3.2, since c\ and w 2 
classify complex line bundles over surfaces [Whitney 1937, p. 798]. 



11 



A. DERDZINSKI AND T. JANUSZKIEWICZ 



6. Degrees modulo q for circle-valued mappings 

Given q G {1, 2, 3, . . . , oo}, a manifold Z, and a continuous mapping 
g:2J^ U(l), we define [^modg] € H l (£,Z q ) = Hom(7nZ, Z q ) to be 
the composite 7TiZ — ► Z — > Z 9 of the action of g on the fundamental 
groups with the projection Z — > Z 9 , where Zi = {0} and Z^ = Z. 

i) [gmodg], as a homomorphism 7TiZ7 — > Z q , sends the homotopy class 
of any loop S* 1 — > Z to the remainder modulo g of the degree of the 
composite S 1 — > Z — > U(l), in which the loop is followed by g. 

ii) [jmod g] = if and only if either q = oo and g has a lift Z — > R 
to the universal covering of U(l), or q < oo and the qth root of g 
treated as a complex-valued function, with U(l) = S 1 C C, has a 
single- valued continuous branch Z — > U(l) C C. 

In fact, (i) is obvious, and easily implies (ii). 

Let E now be any principal U(l)-bundle over a simply connected man- 
ifold M. As (1.1) is exact, tt\E = Z q for some q € {1, 2, 3, . . . , oo}, with 
Zi = {0} and Z^ = Z. Given a manifold Z and a continuous mapping 
: Z — > E 1 , let us define G H 1 (S,Z q ) to be the homomorphism of 

the fundamental groups induced by (cf. (1.5)). Then, for any continuous 
mapping g : Z — > U(l), with [^modg] defined above, we have 

(6.1) j(g0) = j(0) + [g mod q], 

g0 being the valuewise product. (This is clear from (i) in Section 6, since 
a principal U(l)-bundle over S 1 is trivial.) 

7. Proof of Theorem 2.2: surjectivity 

In view of Theorem 2.1, the assertion of Theorem 2.2 amounts to bijectivity 
of the assignment given, in the notations of Section 6 and (2.4), by 

(7.1) [0] ^ (J,d) with i = j(0) and d = d(iTo0). 

Explicitly, (7.1) sends the homotopy class of any mapping : Z — > E(M) 
with (2.2) to the pair (i,d) formed by i £ H l {E,Z q ) = Hom(vriZ,Z ? ) 
which is the action of on the fundamental groups, and d which is the 
image of the fundamental homology class [Z] € ^(Z, Z[ 2 j) under tt o 0. 
(Here Z™ is defined as in (2.3), and ir : E(M) — > M stands for the bundle 
projection.) Recall that i and d in (7.1) are the Maslov index and degree 
of a totally real immersion / of Z in M whose ~ tr j equivalence class 
corresponds to [0] as in Theorem 2.1, since iro0 then is homotopic to /. 

In this section we prove the surjectivity part of Theorem 2.2. Injectivity 
will be established in Section 8. We begin with a lemma: 

Lemma 7.1. Given a simply connected almost complex surface M and a 
closed real surface Z, let q,3 q (Z!),$)±(M),£ and ± be defined by (1.4) 
and (2.7) - (2.9). 
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a) (i,d) G 3q(E) x 2)±(M) ?/ (i,d) corresponds as in (7.1) to a contin- 
uous mapping : E — > E(M) satisfying (2.2). 

b) /(/) G Jg(i?) C H l (E,Z q ) and d(f) G S£(M) C H 2 (M,Z [2] ) when- 
ever f : E — > M is a totally real immersion and i(f), d(f) are its 
Maslov index and degree. 

Proof. As ■K\[E + (M)} = 2Z q C Z g by (1.3) - (1.4), tt>i in (2.1) must be 
the unique nonzero homomorphism Z q — ► Z2. For 6* as in (a), relation 
(2.2) states that roi o 0* = iui(Z'), and so wi(E) is the mod 2 reduction 
of i (see Remark 1.1). Hence i G 3 q (E). Next, d(/) G 2)±(M) in view 
of Remark 3.2(h) for / = 7r o and (1.7), which proves (a). Finally, (b) 
follows from (a) and Proposition 3.1, completing the proof. □ 

Let Z be the image of the mapping (7.1). Thus, Z C 3 q (E) x £^(M) by 
Lemma 7.1(a). To prove surjectivity in Theorem 2.2, we show that Z is the 
set Z(E,M) defined immediately after Theorem 2.2. First, if D^M) = 0, 
our claim follows as Z = 3 q (E) x D|(M) = 0. 

From now on, we may thus assume that 3}|_(M) 7^ 0. Let us now fix any 
d G £>±(M), and describe the set of all i G 3 q (E) with (i,d) G Z. 

Since M is simply connected, d (or, in fact, any class in H 2 (M, Z[ 2 ])) 
is realized by a mapping S" 2 — > M and, with the aid of a degree 1 map 
E -»■ 5 12 , also by a mapping f : E —> M. However, d = d(/) G S)±(M), 
and so relations (2.8), (2.7) and (1.7) show that either E is orientable 
and /*[detcTM] is trivial, or E is nonorientable and the line bundles 
/*[det c TM] and [dct n TE] c have the same u>2- Thus, in either case, 
/*[det c TM] and [detRTi;] are isomorphic [Whitney 1937, p. 798]; hence, 
by Remark 3.2(h), / admits a continuous lift : E -> E(M) with (2.2). 

Once such is fixed, those i G 3^(17) for which (i,d) G 2 are precisely 
the values j{g0) for all continuous mappings g : E — > U(l) (notation of 
Section 6) with the property that the homomorphism [5 mod g] : itiE — > Z g 
defined in Section 6 is valued in the even subgroup 2Z 9 of Z 9 . In fact, 
d determines the homotopy class of / : E — > M uniquely [Whitney 1949], 
which, combined with an obvious homotopy-lifting argument, shows that the 
elements of Z having the form (i,d) are images under (7.1) of products 
g0. However, as satisfies (2.2), condition (2.2) for g0 (rather than 0) 
is equivalent to even-valuedness of [g mod q], as 0* in (2.2) is dual to j(0). 

The set {i G 3q(E) : (i,d) G 2} is thus nonempty (as it contains 
j(<9)), and hence, by (6.1), it is a coset, in Hom(7TiZ', 2Z q ), of the subgroup 
Q consisting of those elements of Hom(7Tii7, 2Z g ) which have the form 
[gmodg], where g : E — > U(l) is continuous. Therefore 3^(17) itself is 
nonempty and, by (2.9) and Remark 1.1, it is a coset of Hom(-7riI7, 2Z g ) in 
Hom(7nI7,Z ? ) = H 1 (E,Z q ). 

First, suppose that E is orientable, or q = 00, or x(£) is odd, or g 
is finite but not divisible by 4. In these four cases, Q = Hom^iX", 2Z q ) 
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(and hence Z = 3 q (E) x 2)±(M) according to the last paragraph). In fact, 
for every closed surface E, continuous mappings g : E — ► U(l) realize all 
homomorphisms tt\E — > Z = 7Ti[U(l)], while, in each of the four cases, a 
homomorphism Hi(E, Z) — ► Z^ valued in 2Z q is necessarily the composite 
Hi(E, Z) — > Z — ► Zg of some homomorphism H\{E, Z) — > Z and the 
projection Z — > Z q . In the first two cases, this is obvious since Hi(E, Z) 
is free, or, respectively, Z^ = Z. In the last two cases, E may thus be 
assumed nonorientable, and q finite; then H±(E, Z) has just one nontrivial 
element £ of finite order, namely, of order 2. (See Remark 1.2.) Case three 
now implies case four: if x(^) is odd, £ ^ Ker [wi(Z')], and so the image of 
£ under any homomorphism that lies in 3 q (E) necessarily equals q/2, due 
to its being odd in Z q and of order two; hence q/2 is odd as 3 q (E) ^ 0. 
Next, in the fourth case, any homomorphism Hi(E, Z) — > 2Z,j sends £ to 
0, since g/2, the only nontrivial element of order 2 in Z q , is odd. 

Finally, let us assume that E is nonorientable, x(^) 1S even, and q is a 
finite multiple of 4. A homomorphism tp : H\(E, Z) — > 2Z g sends the torsion 
element £ € H±(E, Z) either to or to g/2, and only those homomorphisms 
(£> with y(£) = have factorizations H±(E, Z) — > Z — > Z g as above, that is, 
lie in £7. Hence ^ is an index 2 subgroup of Hom(7TiZ', 2Z q ), which shows 
that, in this case, Z has half the number of elements of 3 q (E) x D^_(M). 
The relation Z = Z(E, M) will now follow once we show that the image of 
£ under some (or any) i with (i , d) G Z equals if and only if our d is 
the mod 2 reduction of an element of Ker [ci(M)] C H^iM, Z). 

To establish the 'only if part of this last statement, let some such i 
send £ to 0. For a suitably chosen embedded circle F C E representing £ 
in homology, E \ F is the interior of a compact orientable surface with a 
boundary formed by two circles. (Cf. case (b) of Remark 25.1 in Section 25). 
Capping the two circles with two copies of a 2-disk D we obtain a closed 
orientable surface E' such that E is homeomorphic to E'# K 2 , where K 2 
is the Klein bottle. A mapping : E — > E(M) with (2.2) that realizes 
(i, d) as in (7.1) now gives rise to a mapping 0' : E' — > E(M) equal to 6> 
on Txf and obtained on both copies of D by extending from r to D, 
which is possible as i sends £ to 0. In addition, <9' still satisfies (2.2): every 
element of H\{E\ Z) is represented by a loop 7 : S 1 — > 17 \ I", for which 
7*(Ti7) is orientable (since so is 7*(TZ ,/ )), and, therefore, <9'o 7 = © o 7 
can be lifted to a loop in £' + (M). Thus, by Lemma 7.1(a), d' = d(ir o 0) 
lies in S)|(M) = Ker [ci(M)], and the mod 2 reduction of d' is d, due to 
mutual cancellation of the contibutions from the two copies of D. 

For the 'if part, let d be the mod 2 reduction of d' € Ker[ci(M)], 
and let E' be a closed orientable real surface with E'j^ K 2 = E. For 
reasons given in the third paragraph after the proof of Lemma 7.1 (but 
now applied to d', E' and S)|(M) = Ker[ci(M)] rather than d, E and 
33±(M)), one can realize d' by a continuous mapping /' : E' — ► M, and 
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any such /' admits a continuous lift 0' : E' — > E(M) satisfying (2.2). 
Next, let a mapping 0" : K 2 -»■ £(M) from the Klein bottle into E(M) be 
obtained as the composite of the bundle projection K 2 — > S" 1 followed by 
a homeomorphism of S 1 onto a fibre, intersecting 0'{E'), of the principal 
U(l)-bundle E(M). Without changing the homotopy class of 0' or 0", we 
may further assume that they map some small nonempty open sets U' C E' 
and U" C K 2 onto a single point of E(M). Modifying both mappings in 
closed 2-disks D' C U' and D" C f7", we obtain a mapping © : E = 
E'# if 2 -> E(M) that is constant on the tube connecting Z"\Z?' to K 2 \D" 
in Z"# if 2 while = 0' on Z" \ D' and = 0" on K 2 \ D". It is 
now clear that sends £ to and satisfies (2.2): £ is represented by a 
fibre of the bundle projection K 2 — > S 1 , on which is constant, while £ 
and the homology classes of loops lying in E' \ D' generate the kernel of 
w±(E) : Hi(U, Z) — > Z2, so that the 0-images of these loops can be lifted 
to loops in £' + (M) due to orientability of E'. However, no such lifts exist 
for a circle in K 2 forming a section of the bundle K 2 — > S* 1 , as its 0-image 
is a fibre of E(M) (and so any lift is a semicircle in a fibre of £? + (M)). 

8. Proof of Theorem 2.2: injectivity 

To prove injectivity of (7.1), let two mappings 0,0' : E — > E(M), both 
satisfying (2.2), have j(0) = j(0') = i and d(vr o 0) = d(vr o 0') = d. 
As d(/) = f*[E] G H2(M, Z[ 2 ]) uniquely determines the homotopy class of 
/ : Z — > M (see [Whitney 1949]), we can lift a fixed homotopy between 
/ = 7r o and /' = 7r o 0' to the principal U(l)-bundle E{M) over 
M, obtaining a homotopy between 0' and some lift #0 of / = tt o to 
E(M), where g : E ^ U(l) is a suitable continuous mapping. By (6.1), 
[gmodg] = 0. It now suffices to show that and g0 are homotopic. 
We may assume that q < 00, for otherwise g is homotopic to a constant 
mapping ((ii) in Section 6). 

The required homotopy E : E x [0, 1] -> E(M) with H( ■ , 0) = and 
H( ■ , 1) = g0 will be built on successive skeleta of a specific CW-decom- 
position of E, namely, one resulting from a surjective continuous mapping 
(f) : D —> E, where D is an oriented 2-disk with the accordingly oriented 
boundary circle dD. We choose <ft so that dD is partitioned by some 
2A;-element subset, k > 1, into 2k compact boundary segments and the 
only identifications of points of D under <p are those provided by some 
k homeomorphisms between pairs of boundary segments. Replacing E by 
E : D x [0, 1] -> E(M) with E(z, t) = E(<f>(z),t) for all (z, t) G D x [0, 1], 
we see that, at any stage, instead of E we may just construct E which 
depends on (z,t) only through (<f)(z),t). 

First, we choose a single- valued continuous function h : E — > U(l) C C 
with h q = g. (See (ii) in Section 6.) Now, for any point x in the 0-skeleton 
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of E (the 0-image of the 2/c-element partitioning set), we let tj = j/q and 
E(x,t) = [h(x)] j ^ x (t - tj)e{x) for t G [tj,t j+1 ] and j G {0,...,g-l}, 
where ^ x : [0, 1/q] — > U(l) is any fixed curve joining 1 to /i(ar). 

An extension of E from the 0-skeleton to the 1-skeleton is in turn ob- 
tained separately on each rectangle R = S x [0,1], where S C 3D is one 
of the 2k boundary segments. Our E is already defined on the (oriented) 
boundary 3R of R, so that E : 3R — > E(M) represents a free homotopy 
class a of loops in E{M). As iri[E(M)] = Z q is Abelian, such free homo- 
topy classes can be meaningfully multiplied, and form a group isomorphic to 
tt\[E(M)\. We now show that a = [3 q for the free homotopy class [3 of some 
loop 77, and so a is trivial, which provides an extension of E from 3R 
to 7?, thus concluding the 1-skeleton step. Specifically, 77 : 3R' — > E(M) 
is defined on the boundary of R' = S x [0, 1/q] by &(■ ,1/q) = (hO) o <fi 
on 5 x {1/q} and 77 = E everywhere else. Also, a = (fa . . . (3 q -i, with (3j 
denoting the free homotopy class of the loop 77j : 3R' — > E(M) given by 
77j( ■ , t) = {h? ' o(f))TI{ ■ , t), as one sees noting that for each j G {0, ...,</ — 2} 
the contribution to (3j from S x {1/g} cancels the contribution to (3j+i 
from S x {0}. On the other hand, (3j = (3 for all j, since the segment 
S is contractible and so we may choose a homotopy between the constant 
mapping 1 : S — > U(l) and h : S — > U(l), which leads to a free homotopy 
between 77j and 77j+i, j = 0, . . . , g — 2. 

Now that H is already defined on the boundary 3C of the solid cylinder 
C = D x [0,1], our 2-skeleton step amounts to extending it from 3C to 
C. Let cr G tt 2 [£(M)] and ^ G H 2 (E(M),Z) be the homotopy class with 
any fixed base point, and the homology class, of E : 3C — ► E(M) (for the 
standard orientation of the 2-sphere 5C). There are two cases. 

If Z" is orientable, a = 0. In fact, £ then equals the difference of the 
homology classes of and gO, for a suitable orientation of U. (Contribu- 
tions from E restricted to 3D x [0, 1] undergo pairwise cancellations, as all 
identifications, under (j), of pairs of boundary segments in 3D are orienta- 
tion-reversing.) Since it o = it o (g0), we thus get 7r*£ = in H2(M, Z), 
so that, in view of the Hurewicz isomorphism, ir^a = in 1T2M. Injectivity 
of the first homomorphism in (1.1) now gives a = 0, which provides the 
required extension of E from 3C to the 3-disk C. 

If U is not orientable, a may depend on how one chose the extension 
on E from the 0-skeleton to the 1-skeleton of E. Namely, if we choose 
that extension differently, we can modify the resulting a so as to add to 
it any prescribed even element of tt2[E(M)], 'even' meaning divisible by 2 
in 7T2 [75(717")]. In fact, at least one identification under of a pair S,S' of 
boundary segments in 3D is now orientation-preserving. Let us fix such 
S,S' C 3D, with <f>(S) = 0(5"). Any given element p of tt 2 [E(M)] can be 
represented by a mapping F from the 2-sphere obtained when two separate 
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copies of the rectangle R = S x [0, 1] are glued together by identifying their 
boundaries OR, and F may be chosen so that the restriction of F to one 
copy of R is the extension of £ from dR to R which we used in the 
1-skeleton step. If we now replace that extension by a new one, namely, by 
the restriction of F to the other copy of R, the corresponding element a of 
TT2[E(M)] will be replaced by a + 2p. (As the identification of S with S' 
under <j) is orientation-preserving, the restriction of either version of £ to 
S x [0, 1] contributes twice to the homotopy or homology class.) 

Therefore, to show that a = for a suitably chosen extension to the 
1-skeleton, we just need to verify that the original a is an even element of 
iT2[E(M)]. To this end, first note that tt*^ is even in H2(M,Z), since for 
some pairs S, S' of boundary segments identified under <f> the contributions 
of £ : S x [0, 1] — > E(M) to homology count twice (namely, the pairs whose 
identification is orientation-preserving), while for the remaining pairs the 
contributions cancel each other, which is also the case for the contributions 
of 7r o £ : D x {t} — > M for t = and t = 1 (due to their having 
the same image, with opposite orientations). The Hurewicz isomorphism 
theorem now implies that it* a is even in ^M. If a itself were not even in 
■K2[E(M)], an element of 7T2-M whose double is it* a would project onto a 
nontrivial element of order 2 in the quotient of over the isomorphic 

image of tt2[E(M)] under 7r* (cf. (1.1)). This would contradict the fact that, 
in view of exactness of (1.1), the quotient group in question is isomorphic to 
a subgroup of 7Ti[U(l)] = Z, and hence torsion-free. Thus, (7.1) is injective, 
which proves Theorem 2.2. 

9. The simplest examples 

Here begins the second part of the paper, devoted to constructing explicit 
examples of totally real immersions and embeddings. The simplest such 
constructions are described in this section. 

Example 9.1. A real subspace W of a complex vector space V with 
dimF < 00 is totally real if and only if SpancPT in V has the com- 
plex dimension dimRVy. This means that some (or, every) R-basis of 
W is also linearly independent over C in V. Thus, given complex-val- 
ued C 1 functions /1, . . . , f n on a nonempty open set U in R n , the map- 
ping / = (/1, . . . , f n ) is a totally real immersion U — > C n if and only if 
J(fi, ...,/„)/ at every x G U, where J(fi, . . . , /„) = det J for the 
complex n x n Jacobian matrix J = F(x) with the entries dfj/dx^. 

Example 9.2. Obviously, an embedding / of a real manifold S in an 
almost complex manifold M is totally real if and only if so is the image 
f(S) as a submanifold of M. 
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Example 9.3. Let E = {(z, v) £ U x V : v = <p(z)} be the graph of a 
C°° mapping ip : U — > V from a nonempty connected open set U C C 
into a complex vector space V with dimV < oo. Then E is a totally 
real submanifold of U x V if and only if </? satisfies, at each point of f/, 
the Cauchy-Riemann inequality ip% ^ 0, where ipz = (ip x + itp y )/2 with 
x = Rez, y = Imz, and the subscripts stand for the partial derivatives. 

In fact, E is totally real in U x V if and only if the graph embedding 
U — > J7 x V given by z i— > (z,(/?(z)) is totally real (Example 9.2), and our 
claim follows in view of Example 9.1. 

Example 9.4. Given a complex vector space V with dimcV^ = 2, any 
real subspace W C V with dimR^F = 2 which is not totally real must, 
obviously, be a complex 1-dimensional subspace of V . Suppose now that 
E is a submanifold of an almost complex manifold M and dimRZ 1 = 2. 
Removing from E all complex points, that is, those x £ E for which T X E 
is a complex line in T X M, we obtain an open subset U of E and, if £7 is 
nonempty, its connected components are totally real submanifolds of M. 

Totally real submanifolds naturally arise in many other common situ- 
ations. For instance, a real submanifold E C M of an almost complex 
manifold M is totally real in each of the following obvious cases: 

i) dim E = 1. 

ii) E is a connected component of the fixed-point set {x G M : x = x} 
of any C°° involution M B x i— ► x € M reversing the almost complex 
structure. One then has dimRZ" = dimcM. 

iii) N is an almost complex manifold admitting an involution x *— > x 
that reverses the almost complex structure and M is the product 
almost complex manifold N x N, while E C M is the anti-diagonal 
submanifold {(x,x) : x £ iV}, diffeomorphic to N. (This is clear from 
(ii) applied to the involution (x,y) i— >• (y,x) of N x N.) 

iv) E = E'x E", where Z" C M' and Z"' C M" are totally real subman- 
ifolds, and M = M' x M" is the product almost complex manifold. 
(For a more general construction, see Lemma 29.4.) 

v) By (i) and (iv), embedded closed curves K,K f C C give rise to a 
Clifford-like totally real embedded 2-torus E = K x K' C M = C 2 . 
Iterating this produces totally real embedded n-tori in C n . 

vi) The standard real form E = RP n C M = CP n is a totally real 
embedded submanifold, which follows from of (ii) for the involution 
CP n 3 [xo, . . . , x n ] i— > [xo, . . . , x n ] G CP™ (in projective coordinates). 

vii) Denoting by x i— > x any antiholomorphic involution of S 2 = CP 1 (e.g., 
the complex conjugation in C extended to the Riemann sphere), we 
see that, by (iii), the anti-diagonal 2-sphere E = {(x, x) : x € S 2 } is 
totally real in M = S 2 x S 2 = CP 1 x CP 1 . 
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10. Zooming 

We now establish what might be called a zooming principle. 

Proposition 10.1. If a compact manifold E admits a totally real immer- 
sion/embedding f in C n , then it admits a totally real immersion/ embed- 
ding h in every almost complex manifold M of complex dimension n. We 
may choose h to be the composite of f with a suitable C°° -diffeomorphic 
embedding in M of an open ball in C n containing f(E). 

Corollary 10.2. For every integer n > 1, the n-torus T n admits a totally 
real embedding in every almost complex manifold of complex dimension n. 
Such an embedding may be chosen so that its image lies in any prescribed 
open subset diffeomorphic to a ball. 

Proposition 10.1 trivially follows from Lemma 10.4 below (as explained in 
Remark 10.5), and Corollary 10.2 then is immediate from (v) in Section 9. 
First, we need a definition and another lemma. 

Given an immersion <P : E — > V of a real n-dimensional manifold E in 
a real or complex vector space V, the Gauss mapping 

(10.1) G # : E - Gi n (V) 

of assigns to each x G E the image d<L> x (T x E). Here Gi n {V) is the 
Grassmann manifold of all n-dimensional real vector subspaces of V. 

Lemma 10.3. Let J be a complex structure in a real vector space V, that 
is, a linear operator V — > V with J 2 = — Id, and let Y be some given 
set of J -totally real subspaces of a fixed dimension n > 0. // dim V < oo 
and Y is compact as a subset of Gr n (V), then all W 6 F are totally real 
relative to every complex structure that lies in a suitable neighborhood Q of 
J in Hom R (V,V). 

In fact, otherwise there would exist a sequence Jfc G HoniR(V, V) of 
complex structures and sequences G Y and G V such that — ► J 
as k — > oo, while G Wfcfl J^Wk an d \u\^\ = 1 for some fixed Euclidean 
norm | | in V. Using compactness of Y and the unit sphere, we could pass 
to subsequences for which Wj- — > W and Uk — > u with some W G Y and 
u G V, so that u G WC\ JW and \u\ = 1, contradicting the assumption that 
WD JW = {0} for all W G Y. 

Lemma 10.4. Let there be given an almost complex manifold M, a point 
y in M , a real manifold E, a neighborhood U' of in T y M, as well 
as C°° mappings <P : E — > T y M and F : U' — > M such that <P is a 
totally real immersion/embedding of E in the complex vector space T y M , 
while F(0) = y and dF$ is the identity mapping of T y M. If, in addition, 
the image Y of the Gauss mapping (10.1), with V = T y M, is compact, 
and e : T y M — > T y M denotes the multiplication by e G R, then, for some 
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neighborhood U of in T y M contained in U', and all sufficiently small 
e > 0, the composite F o e o <P : <P^ 1 (e~ 1 U) — > M is a totally real immer- 
sion/embedding in M of the open subset <P^ 1 (e^ 1 U) of E. 

Proof. Let U' 3 x i-> J(x) G Hom R (V,V), with F = T y M, be the F- 
pullback to U' of the original almost complex structure in M, and let 
U C U' be a neighborhood of in V such that and J(x) G J? for all 
x e U, with obtained by applying Lemma 10.3 to our Y and J = J(0). 
Obviously, d£r„(W) = whenever £ / 0, v & V and is a real vector 
subspace of V = T„y = T £V V. Hence e o : (p -1 ^" 1 */) — ^ is a, totally 
real immersion/embedding relative to the almost complex structure in the 
receiving manifold U, pulled back from M via F. □ 

Remark 10.5. Lemma 10.4 becomes particularly simple when E is compact 
(and hence so is 1"), as one then has e(<P(E)) C U for sufficiently small 
e > 0, and so F o e o <fr is a totally real immersion/embedding of E in M. 

11. Immersions of spheres 

The immersed spheres described in Proposition 11.2 go back to Whitney 
[Whitney 1944]. See also [Weinstein 1979]. 

Lemma 11.1. Let \ \ be a fixed Euclidean norm in a totally real subspace 
W of a complex vector space V with diniRJl^ = dimcV, and let S denote 
the sphere of some radius a > in W, centered at 0. Furthermore, let 
K C C \ {0} be an embedded C°° curve with ^ K + K, where K + K = 
{b + c : b, c € K}. Then the mapping f : Kx S — > V, given by f(c,v) = cv, 
is a totally real embedding. 

Proof. The differential of / at (c,v) sends (c,v) G T C K x T V S C C x W 
to cv + cv, and so it transforms an R-basis of T C K x T V S, each of whose 
vectors (c, v) has either c = or v = 0, onto a C-basis of V. Thus, / is a 
totally real immersion (see Example 9.1). Injectivity of / follows since the 
relation cv = bw with b,c G K and v,w G S implies v = c~ 1 bw and so, 
as W is totally real and \v\ = \w\ = a, we have b = ±c (cf. Example 9.1 
again), while bj^—c as 0^K + K. □ 

Any fixed Euclidean norm in a totally real subspace W of a complex vector 
space V with diniRVy = dimcV^ = n gives rise to the group SO(H^) w 
SO(n) of all orientation-preserving linear isometries of W, with the inclusion 
SO(W) C GL(V) obtained by extending operators W — > Vy complex-line- 
arly to V. 

Proposition 11.2. Zei and L be a totally real subspace and a com- 
plex subspace of a complex vector space V with W f~l L ^ {0}, dimRVy = 
dimc^ = n and dimc^ = 1. Next, let r C L be a compact set such 
that G r and r \ {0} is a 1-dimensional C°° submanifold of L with 
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v + v'^= whenever v,v' G r \ {0}, m/iifc the intersection of r with some 
neighborhood of in L consists of two non-parallel real-line segments em- 
anating from 0. Finally, let Q = SO(W)r, so that Q is the set of all 
Ax with A £ SO(W) and x £ T, where SO(W) C GL(V) is defined as 
above for any fixed Euclidean norm \ \ in W. 

Then Q is a totally real n-sphere immersed in V. It has just one self- 
intersection in the form of a double point at 0, and its two tangent spaces 
T,T' at are related by T' = zT for some z £ C \ R. 

Proof Fix u G W n L \ {0}. Now r \ {0} = Ku for some embedded C°° 
curve K C C \ {0} with ^ K + K, which approaches along two real- 
line segments (0,1)6 and (0, l)c, where b, c G C \ {0} and b/c £ R. For 
the sphere S of radius \u\ in W, centered at 0, we have Q \ {0} = KS, 
as Q \ {0} = SO(W)Ku = KSO(W)u. Thus, in view of Lemma 11.1, 
Q \ {0} is a totally real submanifold of V, diffeomorphic to K x S, that is, 
to S n minus two points. However, because of how K approaches in C , 
a neighborhood of in Q is the union of two open n-balls centered at 
in the totally real subspaces T = bW and T' = cW spanned by SO(W)bu 
and SO(W)cu. □ 

As an obvious consequence of Propositions 10.1 and 11.2, we obtain 

Corollary 11.3. Given an almost complex manifold M with dimcM = 
n > 2, a point y € M , and a neighborhood U of y in M, there exists a 
totally real immersion of the n-sphere in U which has a double point with 
a transverse self-intersection at y, and no other multiple points. 

12. Totally real blow-ups 

Let M' be the complex manifold, diffeomorphic to M#CP n , obtained by 
blowing up a point in a given complex manifold M with n = dimcM. 

Totally real immersions/embeddings in M lead to totally real immer- 
sions/embeddings in M'. We discuss three such constructions, two of which 
are summarized in the following lemma; the third one is presented, for n = 2 
only, in Section 13 (see Remark 13.1). 

Lemma 12.1. Given a complex manifold M, a point y € M, and a k- di- 
mensional totally real submanifold E C M which is closed as a subset of M 
and carries the subset topology, let the complex manifold M' = M jf CP ra , 
where n = dimcM, be the result of blowing up y in M . 

a) If y £ S, then U is also totally real as a submanifold of M'. 

b) If y € U, then the closure S, in M', of the preimage of U \ {y} 
under the blow-down projection M' — > M, is a totally real submanifold 
of M', diffeomorphic to the manifold E' k, E # RP fc obtained by the 
real blow-up of y in E. 
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c) If n = k = 2 and y £ E, while P C M' is the divisor created by 
the blow-up, then the surface E mentioned in (b) can be deformed, 
by arbitrarily small isotopies supported in any given open subset of 
M' containing P, to a surface embedded in M' and having a single, 
transverse intersection with P. 

Proof, (a) is obvious. For (b), let us fix a point y' € ir~ l (y) C E', where 
7r : E' — > E is the real blow-down projection. We may choose holomor- 
phic coordinates z a in M, a = l,...,n and C°° coordinates Xj in E, 
j = 1, . . . , k, both defined near y, such that z a = x j = and dz a /dxj = 5 a j 
at y for all a, j, while y', as a real line through in T y E, is tangent to the 
X\ coordinate axis. (This is easily achieved by an affme coordinate change, 
cf. Example 9.1.) In suitable local coordinates x, £2, ■ ■ ■ , £k an d z, C2, • • • , Cn 
for E' and M', the blow-down projections E' — > E and M' — > M are given 
by (xi, ... ,x fc ) = (x,x6, • • ■ ,x£ k ) and (zi, . . . ,z n ) = (z,z( 2 , ■ ■ -,z( n ), with 
x <G R and z € C both varying in neighborhoods of 0. The integral form 
of the first-order Taylor formula now gives z a = Ylj=i x jh a j(zi, ■ ■ ■ , x^) 
for some C°° functions h a j with h a j = dz a /dxj = 5 a j at x\ = ... = 
Xfc = 0. In terms of £,£2, • • • ,£,k this becomes z = z\ = x/j,(x,^2, ■ ■ ■ ,£,k) 
for a C°° function fx with /i(0, ^2, • • • , Cfc) = 1- Similarly, z a /a; is, for 
each a = 2, . . . , n, a C°° function of x, • • • , Cfc (where x varies around 
in R), and hence so is Q a = z a /z = z a /(xfj,), while (z, (2, ■ ■ ■ , Cn) 
(0, £2, • • • j £fc, 0, . . . , 0) as x — > 0, so that d( a /d£j = 5 a j wherever x = 0. 
The inclusion mapping \ {y} — > M \ {y} thus has a C°° extension 
/ : Z 1 ' — > M' represented by our assignment (x, ^2> • • • ; ^fc) l— * (■Z; C2, ■ ■ ■ , Cn), 
which is again injective, as it acts by (0, £2, ■ ■ ■ , Ck) l— * (0, ^2, • • • , Cfe) 0, . . . , 0) 
on the added RP fe_1 represented by x = 0. 

At x = we have \i = 1 and hence dfi/d£j = 0, while, as we just saw, 
9Ca/d^j = S a j if x = 0. On the other hand, the relation z = xfi gives 
dz/dx = /x = 1 and dz/d£j = when x = 0. Consequently, at points 
with x = 0, the matrix 21 = [dCa/d£,j] with 1 < a < n and 1 < j < k 
(where £1 = x, Ci = z ) has a nonzero k x k subdeterminant obtained by 
restricting a to {1, ...,&}. Therefore, rank 21 = k and so / is a totally 
real immersion (see Example 9.1), which proves (b). 

Now let n = k = 2, and let /:£"—» M' be the totally real embedding 
with f(U') = S, described above. Thus, r = E n P is the /-image of 
the circle RP 1 in U' created by the real blow-up of y G E. A tubular 
neighborhood U of r in E is diffeomorphic to the Mobius strip, so that 
we may fix e > and a two-fold covering map F : S 1 x (— e,e) — > C/ 
invariant under the involution of S* 1 x (— e, e) sending (z,t) to (— z, — t), 
with S ,1 = {zgC:|z| = 1}. The push- forward under F of the standard 
unit vector field on S* 1 x (— e,e) tangent to the (— e,e) factor is a double- 
valued vector field ±v tangent to U, defined only up to a sign. If e is 
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made sufficiently small and a Riemannian metric is chosen on M, the union 
of suitable short geodesic segments emanating from points of U in the 
direction of ±iv is a 3-dimensional open submanifold N of M, and F 
has an extension to a two-fold covering map H : S 1 x D £ — > N, where 
D £ = {w G C : \w\ < e}, such that is invariant under the involution 
(z, tu) i ^ (— z, — it>). Making e even smaller, if necessary, we may also 
assume that //(S* 1 x D £ ) intersects P only along r. (In fact, since E 
is totally real, at each point of r the complex line spanned by ±v has a 
trivial intersection with the tangent complex line of P.) Finally, let us fix 
a C°° function <p : [0, oo) — > R equal to 1 near and vanishing outside 
the interval (-e 2 /2,e 2 /2). We now obtain the required small deformations 
of E by replacing U C £ with the //-image of the involution-invariant 
surface {(z, t + riip(t 2 ) Re z) : z G S* 1 , t G (— e,e)}, depending on a real 
parameter r close to 0, and transverse to the curve S 1 x {0}. □ 

In the following corollary, by the nonorientable closed surface of genus s > 1 
we mean, as usual, the connected sum sRP 2 of s copies of RP 2 . 

Corollary 12.2. The surfa ce 3R P 2 = RP 2 #RP 2 #RP 2 admits totally 
real embeddings in CP 2 # mCP 2 for all m > 1. 

More generally, for any integers m, s with m > s — 2 > 0, the nonori- 
entable closed surface sRP 2 of genus s admits a totally real embedding in 
the complex surface CP 2 # mCP 2 obtained by blowing up the points of a 
suitable m-element set in CP 2 . 

This is clear if one blows up m distinct points of CP 2 , of which s — 2 lie 
in a given totally real torus embedded in C 2 C CP 2 (cf. (v) in Section 9), 
and then uses Lemma 12.1. 

13. Removability of complex points by blow-up 

Given a point y of a real surface E embedded in a complex surface M, we 
will say that U contains y as a complex point removable by blow-up if, for 
some neighborhood U of y in £ and some totally real C°° submanifold 
U' of the complex surface M' obtained from M by blowing up the point y, 
the blow-down projection ir : M' — > M maps U' diffeomorphically onto U. 
This amounts to requiring that 7r _1 (x) have a limit y' G M 1 as x G U\{y} 
approaches y, and that U' = {y'} U 7r _1 ([7 \ {y}) be a totally real C°° 
submanifold of M' transverse, at y', to the divisor 7r _1 (y). Note that y then 
must actually be an (isolated) complex point of E, since T y E coincides with 
the image of the differential of n at y' (which is the complex line in T y M 
corresponding to y'), while it : M'\7r _1 (y) — > M\{y} is a biholomorphism 
(and so U \ {y} = 7r([/' \ {y'}) is totally real in M). 
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Remark 13.1. Removability by blow-up leads to our third blow-up proce- 
dure. Namely, let a real surface £ embedded in a complex surface M be 
totally real except for a finite number of complex points removable by blow- 
up, and let M' be the complex surface obtained from M by blowing up 
those points. Then M' contains a totally real embedded surface £\ which 
the blow-down projection M' — > M maps diffeomorphically onto £. 

Example 13.2. Let £ = {(z,w) G U x C : w = h(z)} be the graph of a 
C°° function h : U — > C defined on a neighborhood U of in C , and let 
y = (0,h(0)). Then the following two conditions are equivalent: 

a) £ treated as a real surface embedded in M = C 2 contains y as a 
complex point removable by blow-up, while £ \ {y} is totally real; 

b) h(z) = h(Q) + zip(z) for all z G U, where if : U — > C is a C°° function 
satisfying at each point the inequality 995/0 of Example 9.3. 

In fact, let M' be the complex surface obtained from C 2 by blowing up 
y. The blow-down projection tt : M' — > C 2 is given by (£, 77) 1— > (z, iu) = 
(C)C ? 7+^(0)) in suitable holomorphic local coordinates (C,7?) f° r The 
relation w = h{z) for z / now reads rj = [h(Q — h(0)]/£ whenever 
C 7^ 0. Thus, our claim follows from Example 9.3; note that a limit L of 
[h(() — h(0)]/( as C — > 0, if it exists, must be finite: using real values of £ 
we get L = h x (0), with h x = dh/dx and x = Rez. 

Example 13.3. The graph surface £ = {(z, w) G U x C : w = zl} C C 2 
is a paraboloid of revolution in the real subspace C x R, and y = (0,0) is 
its unique complex point, as well as a complex point removable by blow-up. 
This is clear from Example 13.2 with U = C and h(z) = zz. 

Example 13.4. The embedded 2-sphere S C CP 2 given by aa = be in 
the homogeneous coordinates [a, b, c] has just two complex points, x = 
[0,0,1] and y = [0,1,0], both removable by blow-up. This is clear from 
Example 13.3: if one removes x (or y) from S, by setting 6=1 (or c = 1), 
one gets the paraboloid c = |a| 2 (or b = |a| 2 ) in the ac-plane (or, a6-plane). 

Example 13.5. In C 2 with the coordinates (0,6), the 2-sphere S of radius 
R > 0, given by |a| 2 + |6| 2 = R 2 and Imft = 0, has just two complex points 
x ± = (0, ±R), both removable by blow-up. In fact, S \ {x + , x~} is totally 
real since C x R contains only one complex-line direction: that of the z 
axis C x {0}. Removability of x^ is clear from Example 13.2: in the new 
coordinates (z,w) = (a,R=fb), the components of x ± are (z,w) = (0,0), 
while S is, near x ± , the graph of w = h(z) for h(z) = R — \J R? — |z| 2 . 
Next, ip(z) = h(z)/z equals zF(zz), where F(s) = [R — (R 2 — s) l / 2 ]/s is 
obviously real-analytic at s = 0. Finally, ipz{0) = F(0) = R/2 > 0. 
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14. Deformations involving complex points 

The definition of removability by blow-up given in Section 13 has an imme- 
diate extension to the case of immersions. Namely, if / is an immersion 
of a real surface S in a complex surface M, by a complex point of f 
removable by blow-up we mean any x € U such that f(x) is a complex 
point, removable by blow-up, for the surface f(S') C M, where E' is some 
connected neighborhood of x in U with the property that / restricted to 
U' is injective. As in Section 13, x then is a complex point of /, that is, 
df x (T x U) forms a complex line in Tfr x \M. Cf. Example 9.4. 

The following lemma allows us to modify an immersion / by moving the 
images of any number s of its complex points Xj, removable by blow-up, to 
arbitrary prescribed locations yj. This is achieved by replacing the /-im- 
age of a small neighborhood of each Xj with a thin protrusion or "tentacle" 
reaching all the way to yj. 

Lemma 14.1. Given s distinct points xi,...,x s in a real surface U, a 
complex surface M , points yi, . . . , y s € M , and an immersion f : £ — > M 
such that x±,...,x s are complex points of f removable by blow-up, there 
exists an immersion f : S — > M homotopic to f , with the same complex 
points as f, for which x\, . . . ,x s are complex points removable by blow-up 
and f'(xj) = yj for j = 1, . . . , s. 

If in addition, yi,...,y s are all distinct and lie in M \ f{£), the above 
assertion remains valid also when instead of an immersion one speaks, in 
both instances, of an embedding whose image is closed as a subset of M . 

Proof. We may assume that s = 1, since the case s > 2 will then follow via 
induction on s. Namely, / can be deformed to /' in two stages: first, using 
the inductive assumption that our claim holds for Xj,yj, j = 2, . . . , s, with 
M replaced by M \ {yi} if / is an embedding; then, applying our claim 
for s = 1 to the resulting new immersion and the points xi,yi. 

With s = 1, writing x,y for x±,y\ and p = f(x), let us also assume that 

(*) some biholomorphism (z, w) maps an open set in M containing p 
and y onto a product D x D' of disks around in C with 1 G D', 
sending p to (0,0) and y to (0,1), while, if / is an embedding and 
f{E) is a closed set in M, the (z, w)-preimage of {0} x (0,1] does 
not intersect f{S). 

To prove our assertion for s = 1, under the hypothesis (*), we may further 
assume dz at p, restricted to df x (T x E), to be nonzero. (This is achieved 
by replacing (z,w) with (z + fj,w{w — l),w) for fx € R close to 0, and 
making D smaller if necessary.) Let U now be a neighborhood of x in 
S such that / : U — > M is a homeomorphic embedding. Thus, (z, w) 
maps some neighborhood of p in f(U) onto a graph surface w = h(z) as 
in Example 13.2, with h(0) = 0, and, if D is made even smaller, we may 
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in addition require that h be defined on the whole disk D, and (after the 
coordinate z has been replaced by e ld z for a suitable 9 € R), that also 
(^^(O) ^ R, for (p appearing in Example 13.2. (Notation of Example 9.3.) 
Hence <pz{z) ^ R whenever z G C and \z\ < e for some fixed e > 
that is less than the radius of D. Let us now fix 5 £ (0,e) and a C°° 
function a : R — > [0, 1] with a = 1 on (— 00, <5] and a = on [e, 00). 
Our deformation of / consists in replacing the graph of h : D — > £)' by 
that of the function h : D —> D' with ^(z) = /i(z) + a(r) for z € D and 
r = |z|. This is clear from Example 13.2, as h(z) = h(0) + zip(z) with 
(^(z) = <f(z) + [a(r) — l]/z, so that the relations 2if>z = 2<pz + r~ l da/dr 
(immediate since z z = and (r 2 ) z = 2, that is, 2r z = z/r), and V 3 2(-2 ; ) ^ R 
whenever |^| < e (see above) give <^ 2 7^ everywhere in D, as required in 
Example 13.2(b). 

Finally, to obtain our assertion for s = 1, it suffices to prove it, as we 
just did, under the additional assumption (*). In fact, as M is connected, 
there exist po,Pi, ■ ■ ■ ,p m £ M with po = f(x), p m = y and such that (*) 
holds if p, y are replaced by pi-\,pi, for any I = l,...,m. Specifically, 
/ can be modified m times in a row, leading to successive totally real 
immersions fo, fi, ■ ■ ■ , f m of U in M, with fi(x) = pi for I = 0, . . . , m, 
all homotopic to fo = f, and we may set /' = f m . The final clause of the 
lemma now follows as well, provided that one chooses pi, ■ ■ ■ ,p m -i and the 
corresponding m biholomorphisms in (*) more carefully, requiring the m 
preimages of {0} x (0, 1] to be disjoint except for the endpoints shared by 
the Zth and (/ + l)st preimage, I = 1, . . . ,m, and not to intersect f(E) 
except at p = f(x). (To guarantee such disjointness properties in the case 
of an embedding, the disk D mentioned in the last paragraph needs to be 
chosen sufficiently small at each stage.) This completes the proof. □ 

Proof of Theorem 2.15. Assertion (b) is obvious from Lemma 12.1. To es- 
tablish (a), let s > 2 and let 2/1,1/2 € M be any two of the blown- up 
points (yi ^ y?). A biholomorphic identification of an open set in M with 
a neighborhood of (0,0) in C 2 allows us to treat a small round sphere S 
of Example 13.5 as a real surface in M \ {2/1,2/2} having only two complex 
points x^, both removable by blow-up. Now (a) follows from the final clause 
of Lemma 14.1 applied to s = 1, the inclusion mapping / : E — > M of the 
sphere E = S, our 2/1)2/2, and x\ = x + , X2 = x~. □ 

15. Other immersed two-spheres 

The main result of this section, Corollary 15.3, establishes the existence of 
totally real immersions / : S 2 — > CP 2 # mCP 2 , for m G {1,3}, with some 
special properties. We use such immersions in Sections 30 and 36. 
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Lemma 15.1. Let there be given the total space M of a holomorphic line 
bundle C over a complex curve E, a holomorphic section <fi of C, and a 
C°° function F : E — > R. Then, for the product section F<f> treated as an 
embedding f of E in the complex surface M, 

i) the complex points of f are those x € E at which <fi = or dF = 0. 

A complex point x of f is removable by blow-up, cf. Section 13, if 

a) x is a simple zero of 4> and dF ^ at x, or 

b) 4>{x) ^ and there exists a holomorphic coordinate z on a neighbor- 
hood of x in E with z = at x and F = F(x) + zip for some C°° 
function ip such that (p(x) = 0. 

Proof. Given x £ E, let us choose a holomorphic coordinate z on a neigh- 
borhood U of x in E, with z = at x, and a local holomorphic section -ip 
trivializing £ on U. In the resulting holomorphic local coordinates (z, w) 
for M, the image f(E) becomes a graph surface w = h(z), with h = crF 
for the holomorphic function a such that <j) = atp on U. Example 9.3 now 
yields (i), since a z = and so h% = aF z vanishes only where a = (that 
is, 4> = 0) or Fz = (which, as F is real- valued, amounts to dF = 0). 
Similarly, Example 13.2 gives removability of x by blow-up, both in case 
(ii) (as a/z then is holomorphic on U and F s (x) ^ 0, so that {pF jz)z 7^ 
at x), and (hi) (since we may choose ip = <fi, that is, a = 1). □ 

Proposition 15.2. An oriented 2-sphere E admits an immersion f in 
CP 2 such that, for some three-element set Y C E, 

a) f*[E] is a generator of ^(CP 2 , Z), 

b) Y consists of three complex points of f removable by blow-up, 

c) the immersion f : E \ Y — > CP 2 is totally real. 

Furthermore, such f and Y can be chosen so that either 

i) / is an embedding, or 

ii) Y is the f -preimage f^ 1 (y) of a point y € CP 2 . 

Proof. To realize (a) - (c) and (i), we define M C CP 2 to be the complement 
of a point in CP 2 , so that M is biholomorphic to the total space of the 
dual tautological line bundle C of a projective line E C M. Our claim is 
now obvious from Lemma 15.1 if we choose a holomorphic section of £ 
with a unique, simple zero and a C°° function F : E — > R having just 
two critical points, such that either critical point x satisfies condition (b) 
in Lemma 15.1. Specifically, treating E as the Riemann sphere C U {oo}, 
we may set F = zz/(z~z + 1) for z G C C E. The role of the coordinate z 
in Lemma 15.1(b) is now played by z at x = € C, and by 1/z at x = oo, 
while F becomes a standard height function if we identify C U {oo}, via 
the stereographic projection, with a sphere in R 3 = C x R. 
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To obtain (a) - (c) and (ii), we fix / and Y with (a) - (c) and (i), and 
then replace / by /' chosen as in Lemma 14.1 for M = CP 2 , our /, E, and 
s = 3, with Xj £ Y and yj = y, j = 1, 2, 3. □ 

Blowing up all points of Z = f(Y) in Proposition 15.2, we get 

Corollary 15.3. Given m G {1,3} and any m-element set Z C CP 2 , let 
M be the complex surface obtained from CP 2 by blowing up all points of Z. 
The oriented 2-sphere S 2 then admits a totally real immersion f : S 2 — > M 
with f*[S 2 ] ■ [L] = 1 for any projective line L C CP 2 \ Z treated as a 
submanifold of M, where • is the intersection form in H2(M, Z). //, in 
addition, m = 3, we may choose f to be an embedding. 

16. Removal of transverse intersections 

In this section we describe how, using infinitely many homotopically differ- 
rent surgeries, one can remove a transverse self-intersection of a totally real 
surface immersed in an almost complex surface. 

Let P, Q be oriented real planes with P n Q = {0} in a complex plane 
V. We define the sign of the (transverse) intersection of P and Q to be 
positive, or negative, if the direct-sum orientation of V = P © Q does or, 
respectively, does not, agree with the standard orientation of V described 
at the beginning of Section 5. The sign remains the same if P and Q are 
switched, or their orientations are both reversed. This allows us to extend 
the concept of the sign to the case of a double point y = f{x) = f{x') 
representing a transverse self-intersection of an immersion / : E — > M, 
in an almost complex surface M, of a real surface E which is orientable 
(though not necessarily oriented). 

Lemma 16.1. Let P,Q and W be real vector spaces of dimension n>2, 
and let 7 : P x Q — > W be a bilinear mapping such that j(u, v) ^ 
whenever u £ P \ {0} and v £ Q \ {0}. If Uj and Vk are fixed bases of 
P and Q, and is the nxn matrix with the entries £,('j(uj,Vk)), where 
£ £ W* and j, k £ {1, . . . , n}, then either det T 5 > for all £ £ W*\ {0}, 
or det < for all £ £ W* \ {0}. 

In fact, det 7^ whenever £ £ W* \ {0}, for otherwise there would 
exist v £ Q \ {0} such that the injective operator 7( • , v) sends P into 
the subspace Ker £ C W of dimension n — 1. Our claim now follows since 
W* \ {0} is connected. 

Lemma 16.2. Let totally real oriented planes P and Q in a complex plane 
V have a negative transverse intersection at ; and let r be the canonically- 
oriented unit circle {x £ P : (x,x) = 1} for a fixed Euclidean inner product 
(,} in P. The oriented cylinder Rxf then admits a totally real embedding 
f in V such that fit, x) = \t\x if (t, x) £ (—00, — r] x T and f{t, x) = tAx 
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if (t, x) G [r, oo) x r, for some r G (0, oo) and some orientation-preserving 
real-linear isomorphism A : P — > Q. 

Any f as above and x G r give rise to the curve [— r, r] 3 t \— > £ + (Wt,x) 
in the circle S(V A2 ), where £ + and S(V A2 ) are as in (3.1), while W~t, x 
denotes the oriented plane tangent to /(R x r) at f(t,x). The curves 
arising in this way from all such f represent all fixed- endpoint homotopy 
classes of curves joining £ + (P) to —£ + (Q) in S(V A2 ). 

We now proceed to discuss some consequences of Lemma 16.2 (a proof of 
which is given in Section 17). 

Suppose that a totally real immersed surface E in an almost complex 
surface M has only one self-intersection, in the form a transverse double 
point at some y G M, and either E is nonorientable, or it is orientable 
and the self-intersection is negative (as defined above). Then a totally real 
surface E' smoothly embedded in M and diffeomorphic to E # K 2 , where 
K 2 is the Klein bottle, can be obtained from E by replacing the disjoint 
union of disk-like neighborhoods of y in the two branches of E through y 
with a cylinder contained in an open subset of M diffeomorphic to R 4 . 

To see this, let us identify a neighborhood of y in M with a neighborhood 
U of in a complex plane V in such a way that y = 0, the almost complex 
structure J of M coincides at y = with the standard complex structure 
of V, and E n U = (P U Q) n U for some oriented totally real planes P, Q 
through in V having a negative intersection at 0. If E is orientable, 
we fix an orientation of E and require, in addition, that the orientations 
of P and Q agree with those of the two branches of E through y. For / 
and r chosen as in Lemma 16.2, the image Y of the Gauss mapping Gj 
(see (10.1)) is a compact subset of Gr2(V^), as Gj((— oo, — r] x f) = {P} 
and Gj([r,oo) x T) = {Q}- Next, we choose an open set U' C U diffeo- 
morphic to R 4 such that J(x) G HomR(V, V) lies in fl whenever x G V, 
for Q obtained by applying Lemma 10.3 to our Y and J = J(0). We also 
select e G (0, oo) with ef([—r, r] x r) C U'. Our claim is now obvious, the 
embedded cylinder being ef((—r,r) x r). 

In Section 37 we give another application of Lemma 16.2, which also uses 
the assertion about homotopy classes. 

17. Proof of Lemma 16.2 

Totally real planes through in V form an open set TR(V) in the 4- 
manifold Gr 2 (F). The circle RP 1 = U(l)/Z 2 acts on TR(V) freely 
by (±z,Q) h-> Z Q for z G U(l) C C and Q G TR(V). The quotient 
TR(V r )/RP 1 can be diffeomorphically identified, as described next, with 
the 3-manifold N of all plane circles in the unit sphere S 2 C R 3 , that is, 
circles obtained by intersecting S 2 with planes which need not pass through 
0. The corresponding principal RP 1 -bundle projection tt : TR(V) — > N 
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sends Q G TR(V) to the image tt(Q) of Q \ {0} under the standard 
projection F \ {0} -» P(V) » CP 1 « S 2 . 

In fact, each such image 7r(Q) is a circle in the Riemann sphere S 2 ~ 
C U {oo}, as one sees choosing an isomorphic identification V = C 2 under 
which Q = R 2 (and so tt(Q) = R U {oo} C C U {oo}). Furthermore, if 
Q, Q' G TR(V) and ir(Q) = ir(Q'), then zu, av, c(u + v ) <G Q' for any fixed 
basis u,v of Q and some z,a, c G C \ {0}, so that, writing c(u + v) as a 
real combination of zu and av (which span Q' over R), we get a/z G R, 
and hence Q' = zQ. Finally, 7r : TR(V) — > A" has constant rank due to its 
equivariance relative to the transitive actions of the linear group GL(V) ~ 
GL(2,C) on TR(V) and of the complex automorphism group Aut(S' 2 ) on 
N, for the standard homomorphism GL(V) — > Aut(S" 2 ) = PGL(y). 

Note that A" = N/Z2, where A~ is the manifold of all oriented plane 
circles in S 2 (diffeomorphic to S 2 x (0, ir) via the center-radius parametri- 
zation of oriented circles in the oriented 2-sphere), and the fixed-point free 
involution generating the Z2 action reverses the circle orientations. 

We begin by proving our assertion in the special case where the circles 
7r(P),7r(Q) C S 2 are disjoint. We then choose a smoothly embedded curve 
segment joining 7r(P) to ir(Q) in N, consisting of pairwise disjoint circles, 
and lift it: first to the bundle space TR(V) over N, and from there to the 
bundle over TR(V) formed by the manifold of all C-bases of V, which we 
identify with GL (V) using a fixed basis of P. This yields a C°° embedding 
[— r, r] 3 t 1— > B t G GL(V), with any fixed r G (0, 00), such that i?_ r = Id, 
B r P = Q, and the circles Tr(B t P) are pairwise disjoint for all t G [— r, r]. 

Next, we replace the curve t 1— > Bt by a composite in which the original 
curve is preceded by a C°° function R — > [— r, r] equal to — r on (—00, — r], 
to r on [r,oo), and having a positive derivative everywhere in (— r,r). 
The resulting new curve, still written as t ^ Bt (but now defined on R), 
leads to the required totally real embedding / : R x r — > V, given by 
f(t,x) = e^^BfX for a C°° immersion <p : R — > C with <^(t) = log |t| 
whenever \t\ > r. The choice of ip on (— r, r) is described below. 

We denote by / the complex-linear operator V — > V whose restriction to 
the oriented Euclidean plane P is the positive rotation by the angle ir/2. 
If / corresponds as above to any given C°° immersion ip : R — > C , then 

(17.1) d/ ( t,x)(l,0) = e*(<pB + B)x and d/ (t>x) (0, Jx) = e^/z 

for the basis (1, 0), (0, ix) of T( t ;E )(R x P). (We omit t in our notation, 
and set ( )' = d/dt.) Thus, / is a totally real immersion if and only if, 
for every it, x) G R x r, the (e^-B-images of the) vectors (ip + B~ 1 B)x 
and Ix are linearly independent over C. Since P is totally real, we may 
identify V A2 with C in such a way that x A Ix = 1 for some 1 £ F, and 
so the linear independence condition will follow if 99 / —sB~ l Bx A Ix for 
all (s, i, 2) G [0, 1] x [— r, r] x T. (Note that x Alx = 1 for every x G T, as 
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each pair x,Ix is a positive orthonormal basis of P.) The condition holds 
if \t\ > r, since we then have tp ^ = B. 

Such an immersion p, with pit) = log \t\ whenever \t\ > r, exists and 
may be chosen so that p> : [— r, r] — > C \ {0} belongs to any prescribed fixed- 
endpoint homotopy class of curves joining — 1/r to 1/r in C\{0}. In fact, 
as B = whenever |i| > r, there exist constants k > and 5 G (0, r) with 
|i? -1 .Ba; A Ia;| < k for all (i,x) G [—r, r] x 7, and \B~ x Bx Mx\ < 1/r if, 
in addition, \t\ > 5. We now select p with <p(—t) = p(t) and |<£>(i)| > 1/r 
whenever \t\ G [5, r), such that one also has \p\ = \i on [— S, S] for a 
constant \i > k. As a result, / is a totally real immersion, and it is also 
injective due to pairwise disjointness of the circles ir(BtP) for t G [— r, r\. 
A curve p : [— 5, 5] — > C with the constant speed fx and a fixed length can 
clearly be chosen so that, before returning at time t = S to the initial point 
p(—S) with the velocity — <p(— 8), it traverses any prescribed number q of 
times, clockwise or counterclockwise, some circle of radius depending on q. 
This produces the required homotopy effect: using the definition of £ + (see 
(3.1)), our identification V A2 = C with x A Ix = 1 for all x G r, and 
(17.1), we see that the homotopy classes in question correspond to those of 
the curves t 1— > e^{(pB + si?)x A e v BIx with s = 1, joining — r to r in 
C \ {0}. However, we may replace s = 1 by s = 0, since our choice of p 
turns s G [0, 1] into a homotopy parameter. The resulting homotopy class 
of 1 1 — ^ e 2v 99 det-B equals that of t 1— > 99 det-B (we deform the factor e 2 ^ to 
a constant in C \ {0} by first deforming p in C). As the curve t 1— > Bi 
does not depend on p, our claim about homotopy classes follows. 

Also, B r : P — > Q is an orientation-preserving isomorphism. Namely, 
using the original orientation of P, we now orient the planes Qt = BtP, 
t G (— r, r], by requiring that B t : P — ► Q t be orientation-preserving. This 
might, possibly, result in re-orienting Q = Qr, and we will prove that is 
does not, by showing that at least one newly-oriented Qt, t G (— r,r], has 
a negative intersection with P at 0. (The words 'at least one' then may be 
replaced with 'every' by reasons of continuity.) Let us fix t G (— r,r]. The 
circles n(P) and ir(Qt) are disjoint, so that 7 : P x Q t — > y A2 given by 
j(u, v) = uAv satisfies the hypotheses of Lemma 16.1 for n = 2. Identifying 
V A2 with C as before, we may apply the conclusion of Lemma 16.1 to the 
bases Uj,Vk with u\ = x, 112 = Ix (where x G r), and Vj = B t Uj for 
j = 1,2, along with £ = Re and £ = Im. Taking the limit as t — > r, 
we have £? t — ► Id, and so det > for £ = Im and t > r close to r, 
since det — > 1 as t — > r when £ = Re. (In fact, the limit, as t — > r, 
of the complex 2x2 matrix with the entries j(uj,Vk) has the rows [0 1] 
and [—1 0].) Writing [v\ V2] = [u\ n2]53, where 53 is a complex 2x2 
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transition matrix depending on t, we get the transition formula 

[u\ U2 V\ V2] = [ui U2 iu\ iui\ 

with a real 4x4 matrix composed of four 2x2 blocks. As one easily verifies, 
det Ti m = det Im<B, so that det Im25 > 0. Negativity of the intersection 
follows: the basis ui, U2, iui, IU2 represents the opposite of the standard 
orientation of V, cf. Section 5. 

Using if as above, the corresponding /, and A = B r , we thus get our 
claim under the additional assumption that ir(P) r\ir(Q) = 0. The general 
assertion, for an arbitrary pair P, Q, can now be derived from a reduction 
argument. Namely, to prove it for the given P, Q, we just need to establish 
it for the pair R, Q with some oriented Euclidean plane R satisfying the 
same hypotheses as P and such that there exist a totally real embedding 
h : P — > V, an orientation-preserving linear isometry ^ : P — > R, and 
constants c, r', for which r' > c> r and h(P) f~l Q = {0}, as well as 

a) h(y) = &(y) whenever y € P and |y| < c, 

b) h(y) = y whenever y £ P and \y\ > r', 

where r, along with some A and / : R x r — > V, satisfies the assertion 
of the lemma for R, Q instead of P, Q. In fact, given such R, h, c, r', we 
define the analogues of r, A, f for P and Q to be r', A&, and the mapping 
/' given by f'(t,x) = h(\t\x) if t < -r and f'(t,x) = ef(t/e,&x) if 
t > — c, for suitable e > 0. Both formulae for /' clearly define V- valued 
totally real embeddings of appropriate domains. They also agree, yielding 
Itl^x, when — c < t < — r (and x lies in the unit circle r 1 = } I / ~ l (r) C P); 
thus, the only property of /' that we need to verify is its injectivity, which 
amounts to /'((-co, -r] x n/'((-r,oo) x r'). However, if e G (0,1), 
the definition of /' implies that /'((— r, 00) x r') is contained in the union 
of three sets: the radius r open disk D about in R, the compact set 
eS, where S = f([—r,r] x r), and Q. None of the three sets intersects 
Y = /'((— 00, — r] x r') if e is chosen so that eS C U for a neighborhood 
U of in V with U t~)Y = 0. In fact, DnY = since D and Y are the 
/i-imagesof ^(D) and P\&~ l {D), while Qny=0 as fcd(P\{0}) 
and fl Q = {0}. Finally, such /' realize all the homotopy classes 

required in the lemma, since we assume here that the same can be achieved 
by varying the choices of / for the pair R, Q. 

We apply the above reduction argument twice. In both cases, using ar- 
bitrary c, r' with r' > c > r, we obtain R, h, \P by exhibiting a 3-dimen- 
sional real vector subspace W <ZV containing both P and a plane R with 
PnRnL = RnWnQ = {0}, where L is (always) the unique complex line 
through in V contained in W. Note that dim(WnQ) = 1, as Q inter- 
sects P trivially and so cannot be contained in W. Also, if pr : W — > 77 
denotes the quotient projection onto the plane il = W/(P PI R), it is clear 
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that pr(L) = 77, while A 1 = pr(7>), A 2 = pr(R) and A 3 = pi(WnQ) are 
three distinct lines in 77. We may thus choose a vector «ei \ {0} such 
that pr v £ A\l_) A3, while, for /I4 = pr(Rv) and some Euclidean norm 
in II, an arc of the unit circle around in 77 intersects each of the four 
lines Aj just once, in this order: Ai, . . . , A4. Let us refer to the direction 
of v in W as vertical. For every C°° function ip : P — > R, the embedding 
h : P — > V given by h(y) = y + (f(y)v is totally real, since so the surface 
h(P). (As L contains the vertical vector v, it cannot be a tangent plane of 
a graph.) To get (a), (b) and h(P) P\Q = {0}, we now set ip = fiip2, where 
<pi is a C°° function P — > [0,1] with <pi(y) = 1 whenever |y| < c and 
<pi(y) = whenever |y| > r', while </?2 is a linear functional on P having 
the graph 7?. (Such ip2 exists since the vertical vector v does not lie in 
7?.) The condition h(P)C\Q = {0} follows as pr(h(7>)) n pr(WDQ) = {0} 
in 77 and pr : WD Q — > 77 is injective, while the orientation and inner 
product in 7? are chosen so as to make W : P — > 7?, with \Py = y + <p2(y), 
an orientation-preserving linear isometry, and the intersection of 7? and Q 
then is negative due to our choice of v. 

Using the fact that our claim holds when 7r(P) H tt(Q) = 0, we now 
establish it under the weaker additional assumption n(P) 7^ 7r(Q). Specif- 
ically, W and 7? required above are selected by fixing 7? G TR(V) for 
which tt(R) n 7r(Q) = and ^(T 3 ) n vr(7?) has two elements. We may also 
assume that dim (P n 7?) = 1 (which is achieved by replacing 7? with zR 
for a suitable complex number z 7^ 0), and then we set = Span R (PU7?). 
Thus, T 3 n 7? n 7 = {0} for L dW as above: one element of ir(P) n 7r(7?) 
is Span c (Pn7?), and so 7 must be its other element, spanned over R by 
a line in P and a line in 7? different from P DR. In view of the reduction 
argument, our assertion, valid for 7? and Q (since n(R) rnr(Q) = 0), hold 
for P, Q as well. 

Similarly, using our conclusion for arbitrary P, Q with n(P) 7^ vr(Q), we 
now prove it in the remaining case tt(P) = 7r(Q). Namely, we choose W 
and 7? to be any real 3-space in V containing P and, respectively, any 
plane in W with P n 7? PI 7 = {0}, for the complex line L C W. Thus, 
7r(7?) ^ tt(P) = 7r(Q), so that our claim is true for R,Q (see the last 
paragraph), and, consequently, also for P, Q. 

18. Connected sums 

The main result of this section is Theorem 18.1, which, essentially, estab- 
lishes the existence of a connected-sum operation in the category of totally 
real surfaces immersed in a fixed almost complex surface M. The totally real 
immersed cylinder joining the two surfaces is of the type known as Whitney 's 
umbrella; it has a unique self-intersection (which is transverse and negative, 
in the sense of Section 16). Since there always exist arbitrarily many pairwise 
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disjoint totally real tori embedded in M (Corollary 10.2), a self-intersec- 
tion cannot, in general, be avoided: otherwise, connected sums of such tori 
would constitute totally real closed orientable surfaces of all genera s > 2, 
embedded in any given M, in patent contradiction to Corollary 2.10. 

Theorem 18.1. Let be two disjoint totally real surfaces embedded in 
an almost complex surface M , both endowed with the subset topology and 
closed as subsets of M . Also, let G E^. Then, for any sufficiently small 
closed 2-disks diffeomorphically embedded in E^ and containing x^ as 
interior points, there exist a totally real surface E immersed in M and an 
immersion h : [— 1, 1] x S 1 — > M such that 

i) E is the disjoint union of E + \ D + , E~ \ D~ and the image of h, 

ii) h sends the circles {±1} x S* 1 onto dD^, 

hi) E has just one self-intersection: a double point of h in (—1,1) x S 1 , 

iv) the self-intersection of E is transverse and negative, cf. Section 16, 

v) the union of D + and the image of h is contained in an open 
subset of M diffeomorphic to R 4 . 

We prove Theorem 18.1 in Section 19. First, we need three lemmas, in 
which ( )' = d/dt, ( )' = d/ds, ( )t = d/dt and ( ) s = d/ds stand for 
ordinary or partial derivatives with respect to real variables t and s. 

Lemma 18.2. If c, e G (0, oo), while t i-> <p(t) and s i— > ijj(s) are C°° 
functions of t £ (—c,c) and s G (— e, e), valued in a finite- dimensional 
vector space V, then the following two conditions are equivalent: 

a) (p{t) = F s (t,0) and ip(s) = F t (0,s) for all (t,s) G (-c,c) x (-e,e) 
and some C°° function F : (— c, c) x (— e, s) -^V having the property 
that F(t,0) = F(0,s) = whenever t G (— c, c) and s G (— e,e), 

b) (p(0) = ^(0) = and 0(0) = ^'(0). 

In fact, (a) implies (b): 0(0) = F st (0,0) = F ts (0,0) = ip'(0). Conversely, 
assuming (b), we may set F(t, s) = ts[a(t) +{3(s) — 0(0)] for C°° functions 
a, j3 with <p(t) = ta(t) and ip(s) = s/3(s) (so that a(0) = (3(0) = 0(0)). 

Lemma 18.3. Given an almost complex surface M , a point y G M , and a 
nonzero vector u G T y M , there exists an M-valued C°° embedding f of a 
neighborhood of in C such that, for all real t, s near 0, the differentials 
dft and dfi s are complex- linear, while /(0) = y and dfo sends the vectors 
l,i G C = ToC to u and Ju. 

Proof. Let us fix a complex plane V and a diffeomorphic identification of 
a neighborhood of y in M with a neighborhood of in V, under which 
y = and the almost complex structure J of M equals, at 0, the standard 
structure of V (represented by the symbol i). Thus, u,iu G V = T y M . For 
real t,s near we now set f(t + is) = (t + is)u + t 2 v + F(t, s), where v G V 
and F is a C°° function F : (— c, c) x (—£,£) — > V, with sufficiently small 
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c, e, such that F(t, s) = whenever ts = 0. Clearly, dft (or, dfi s ) sends 
the real basis {l,i} of C = T t C (or, C = T is C) to {n + 2tu, iu + F s (i, 0)} 
(or, respectively, to {u + F t (0, s),iu}). 

Thus, to ensure complex- linearity of all dft and dfi s , we need to choose 
F and v so that F s (t,0) = tp(t) and F t (0,s) = ip(s) for all t,s, where 
<p(t) = Ju + 2tJv — iu and ip(s) = — u — Jiu. Note that u, iu, v are vectors 
(i.e., constant vector fields on V), while J denotes here the real- linear 
operator J x : V — > V, depending on x = f(t) or, respectively, x = f(is). 
Finally, F with F s (t,0) = (p(t) and F t (0,s) = ip(s) exists, by Lemma 18.2, 
if and only if the sum d u (Ju) + di u (Jiu) of directional derivatives at 
equals — 2iv. With this choice of v, our assertion follows. □ 

Let E be a totally real surface embedded in an almost complex surface M, 
and contained in a fixed 3-dimensional real submanifold N of M. The 
characteristic foliation of £ in N is the 1-dimensional foliation on S 
tangent, at every point x £ S, to the characteristic direction L x r\T x S, for 
the unique complex line L x in T X M with G L x C T^A^. By a characteristic 
curve of Z 1 in iV we mean any leaf of its characteristic foliation. 

Remark 18.4. Given M, N and E as above, let K be another real surface 
embedded in M with K C N. U y £ K D E, while T^Z 1 n T y K is one-di- 
mensional and different from the characteristic direction, at y, of E in N, 
then if is totally real at y, in the sense that y is not a complex point of 
X. (In fact, if T y K were a complex line, the characteristic direction of E 
at y would, by definition, be T y E n T y K.) 

Lemma 18.5. Zei M, E^, x^ satisfy the hypotheses of Theorem 18.1, and 
let U £ , with e £ (0,oo), be the set of (z,w) £ C 2 such that \JHez\- 1, |Imz|, 
| Ren; | and |Imu>| are a// less i/ian e. 7/ t/ie submanifolds N C U £ and 
E t C A/", /or t G (—1 — £, 1 + e), are given by N = {(z, w) £ U £ : Imw = 0} 
and Et = {(z,w) £ U £ : Kez = t and Imw = 0}, i/ten the following 
conclusions hold for some e > and some C°°-diffeomorphic identification 
of U £ with an open set in M. 

a) x ± = (±1,0) £ U £ C C 2 and 27 ± n I7 e = Z±i. 

b) £^ac/i Z t is a totally real surface embedded in M and its character- 
istic foliation in the ambient 3-manifold N consists of line segments 
parallel to the Imz coordinate direction. 

c) The surface Y= {(z,w) € N : Imz = 0} is totally real in M and its 
characteristic foliation relative to N consists of line segments parallel 
to the Rez coordinate direction. 

d) The almost complex structure J of M coincides with the standard 
complex structure of the open set U £ C C 2 at all points (z, w) G U £ 
such that (i) Imz = w = 0, or (ii) Rez = w = 0. 
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e) The coordinate vector fields u and v corresponding to the Re z and 
Rew directions are J -linearly independent at every point of U £ . 

Proof. Let us fix a point y G M\ (U + \JU~) and a nonzero vector u G T y M, 
then choose an embedding / with the properties listed in Lemma 18.3 
and three coordinate systems, on neighborhoods of x + , x~ and y, under 
which x + , x~ and y all have zero coordinates, while some neighborhoods 
of x ± in correspond to neighborhoods of (0,0,0,0) in the submanifold 
R 2 x {(0,0)} of R 4 , and / appears, in the coordinates chosen at y, as the 
mapping C9zh(z,0)g C 2 = R 4 restricted to a neighborhood of 6 C. 

Let exp now be the exponential mapping of a Riemannian metric on 
M chosen so that, on some neighborhoods of x + ,x~ and y, the metric is 
flat and the above coordinate mappings are isometries onto neighborhoods 
of (0,0,0,0) in R 4 with the Euclidean metric. (Such a metric on M can 
easily be obtained using a finite partition of unity.) 

A C°° diffeomorphism H :U £ -> H(U £ ) onto an open set H(U e ) C M, 
providing the required diffeomorphic identification, will be constructed in 
four successive steps, each of which consists in defining H just on some 
subset of U £ (and making e smaller, if necessary). The four subsets are: 
the interval I £ of all (t,0) G C 2 such that t G R and \t\ < 1 + s, the 
rectangle R £ = {(z, 0) G C 2 : |Rez| < 1 + e, |Imz| < e}, the 3-manifold 
N £ appearing in the statement of the lemma (where it is denoted by N), 
and U £ itself. Thus, I s C R £ C N e C U e . 

We begin by restricting / chosen earlier in this proof to a small neighbor- 
hood of in R C C and then extending this restriction to a C°° embedding 
t i ^ x(t) G M defined for real t with \t\ < 1 + e, such that x(±l) = x 1 * 1 
and Jx(±l) is, for either sign ±, tangent to Z 1111 at x^. (To realize the 
latter condition, it suffices to prescribe the velocity x(±l) as a vector in 
J(T ;c(±1) Z' ± ).) We now choose H : I £ -> M by setting i?(t,0) = x(t). 

Making e smaller, we extend from the interval I £ to the rectangle R £ 
by setting H(z,0) = exp x ^ sJx(t), where t, s € R and z = t + is. Note 
that H is injective on J e , and so is the differential of H : R £ — > M at each 
point of I e . Hence H : R £ ^ M is, for small e > 0, an embedding. 

Next, we choose a C°° vector field I £ 3 (t,0) <—> v(t) G T x u\M, nowhere 
tangent to the embedded surface H(R £ ), and such that v(±l) is tangent 
to at x^. Its C°° extension i? £ 3 (z,0) i— > v(^, 0) G T H ( z )M, obtained 
using parallel transports along the curves s i-> H(t+is, 0), for t, s as before, 
gives rise to the mapping H : N ^ M with H(z,r) = exp H(z ) rw(z, 0), 
where N = N £ . As in the last paragraph, .ff is an embedding for sufficiently 
small e > 0. Also, for small e, the i7-images of the surfaces Y C N and 
U t C N with |t| < 1+e, defined in the lemma, are all totally real in M, while 
H{I £ ) (or, {H(is,0) : s G (— e,e)}) is a characteristic curve of H{Y) (or, 
respectively, of H(Eq)) in H(N), and the ii-image of the Imz coordinate 
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direction at (t,0) G N is, for each t with \t\ < 1 + e, the characteristic 
direction, at H(t,0), of H(U t ) in H(N). 

In fact, H restricted to R e coincides with H, while, if e > is sufficiently 
small, the mapping z ^ H(z,0) defined for z£C such that |Rez| < 1 + e 
and |Imz| < e, has a complex- linear differential at every z with Rez = 
or Imz = 0. (This is clear from our definition of H(z,0) and the com- 
plex-linearity assertion in Lemma 18.3, since H(z,0) = f(z) for z near 
in C due to our choice of coordinates and the metric on a neighborhood 
of y.) Each of the directions in question, including those of the two curves, 
is characteristic, as it constitutes the intersection of the plane tangent to 
the respective surface with the complex line forming the image of one of 
the differentials just mentioned; the surfaces Y and Ut, being totally real 
at the points of the two curves (since the tangent-plane intersections are 
1-dimensional), become totally real everywhere when e is made smaller. 

Let pr : H(N) — ► H(R £ ) be the mapping with pi(H(z,r)) = H(z,0), 
for N = N £ . If e > is sufficiently small, we extend H : R £ — > M to an 
embedding H : N — > M by requiring that, for real t,s,r with \t\ < 1 + e and 
s,r £ (— e, e), the image of the mapping t *— > H(t, r) (or, s *— > + is, r)) 
be a characteristic curve of H(Y) (or, respectively, of H(£t)) in H(N), 
and pi(H(t + is,r)) = i?(t + «s,0). Such a C°° extension of i? exists: 
its defining conditions mean that t i-> H(t,r) (or, s i— >• i?(t + is,r)) is 
an integral curve of the unique vector field on H(Y) (or, on each H{Et)) 
which is tangent to the characteristic foliation and projects under pr onto 
the restriction to Y n R £ of the coordinate vector field u for the Re z 
direction (or, respectively, onto the restriction of iu to n R e ). 

Finally, we extend H : N — > M to an embedding H : U £ — > M, for small 
e, by setting H(z,w) = ex.p H ^ z ^ cw ^ [(lmw)Jv], which clearly yields (d) and 
(e) . As the remainder of our assertion is an obvious consequence of how we 
chose H on N, this completes the proof. □ 

19. Proof of Theorem 18.1 

We use the notations of Lemma 18.5, treating U £ as an open subset of both 
M and C 2 . First, let us fix functions p and a of the variable t € [—1,1] 
such that a is of class C°° on [—1,1], has a compact support contained in 
(— 1, 1), and < a < <r(0) < e on [—1, 1], with cr(0) > 0, while p is even, 
continuous on [—1,1], of class C°° on ( — 1,1), with p(0) > and p > 
on (0, 1), the inverse of p : [0, 1] — > [p(0),p(l)] has derivatives of all orders 
equal to at p(l), and < p(0) < p < p(l) < e on [-1, 1]. (We write ( )' 
for d/dt). Suppressing in our notation the dependence of p and a on t, 
we define a mapping li: [-1,1] xS 1 -> J7 e , by 

(19.1) h{t,e te ) = (z,w) with (z,w) = (t + ipcos6,tpsin9 + icasm29). 
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Thus, h depends on a parameter c € [—1,1] and has the partial derivatives 

/ 1Q0 \ ht = (I + ip cos , (p + tp) sin 9 + ica sin 20) , 

^ ' ' hg = (— ip sin 0, tp cos + 2ica cos 20). 

Also, h is injective except for one double point (0,0) = h(0,±i), when 
c > 0, or a curve of double points h(0, e ±td ), < < ir, for c = 0. (By 
(19.1), £ = Rez, and e l6 = a/\a\ for a = Imz + iKew/t, if t ^ 0.) 

If c > 0, the self-intersection of h at (0,0) = h(0,±i) is transverse and 
negative, as one easily sees using the bases, provided by (19.2), of the two 
real planes tangent to the image of h at (0,0). (Note that p(0) = <r(0) = 0.) 

If c = and (t,e i9 ) = (0, ±1), while p,p stand for p(0),p'(0), then 

(19 3) ^ h t = ( 1 i°)i h tt = (±ip\0), h et = (0,±p), h ee = (=RP,0), 
ii) h e = h ett = h m = h eee = (0, 0) 

from (19.2) with p(0) = 0. Also, by (19.1) - (19.2), for all (t,0,c), 

(19.4) lmj = 2ca + (p 2 — 4ccj) sin 2 + tpp, where J = z t we — zewt ■ 

(Thus, J is the Jacobian of h.) Hence \mj > at any (t,0) and for 
any c G [0, c max ], where c max = min(l, [p(0)] 2 /[4<r(0)]). (In fact, the three 
terms 2ccr, (p 2 — 4ca) sin 2 and tpp are all nonnegative.) Moreover, the 
strict inequality Im^ > clearly holds unless c = t = and £ Ztt. 

Therefore (cf. Example 9.1), h with any fixed c £ (0,c max ] is a totally 
real immersion for the standard complex structure of U £ C C 2 . This is also 
true if c = 0, provided that one excludes the two points with t = and 
£ Ztt (at which dh is not even injective, cf. (19.3)). We will now show 
that the same conclusions hold for the original almost complex structure J 
of M, as long as one chooses p more carefully, and c is sufficiently small. 

First, suppose that c = 0. As we just saw, at (t, e td ) with t = 
and $l Z-7T the vectors hf,h$ are linearly independent in C 2 . Hence, 
by Lemma 18.5(d) (case (ii)), they are also J-linearly independent. Now 
let y = h(t,e ie ) with t ^ 0. The (disconnected) surface K C M, formed 
by all such y, is contained in the 3-dimensional submanifold iV defined in 
Lemma 18.5. Thus, K is ./-totally real at y in view of Remark 18.4 applied 
to a suitable totally real surface E C N, which intersects K transversely 
in iV at y along a non-characteristic direction; namely, S = Y if e lS = ±i 
and E = S t otherwise. (Notation of Lemma 18.5.) That the intersection is 
non-characteristic follows from (b) - (c) in Lemma 18.5: K n Et, for each 
t ^ 0, is an ellipse in standard position relative to the Im z and Re w coor- 
dinate axes, while the curve Kf\Y is parametrized by t i— > (z, u>) = (t, ±tp), 
with (tp)' > as tp > and p > 0. 

The next five paragraphs deal with the remaining case c > 0. 

According to Lemma 18.5(e) , the J-complex exterior product of u and 
v trivializes the line bundle [TM] A2 restricted to U e C M, allowing us to 
treat the J-complex exterior product of any vector fields £, £' on U £ as a 
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function U e — > C. The imaginary part B of that function depends 
on £ and £' only through their values at points of U £ (since so does the 
function itself); we may therefore view B as a differential 2-form on U £ , 
i.e., as a mapping B : U £ — > X valued in the space X of skew-symmetric 
bilinear forms C 2 xC 2 -> R. Note that B(u,v) = everywhere in U £ . 

Let us now set A = B(h t , ho), treating A as a real- valued function of 
(t,9,c) (where A depends on c since h does). If p,p,o denote p(0), p(0) 
and <r(0), then, for the value and partial derivatives of A at the points 
o+, o_ € R 3 that have the (t, 9, c) coordinates (0, 0, 0) and (0, ir, 0), we get 

a) A = A t = Ae = 0, A et = Tp(d u B){u,iu) , 

(19.5) b) A c = 2a> 0, A tt = 2pp > 0, A ee = 2p 2 > 0, 
c) Bg = B c = and B t = d u B at o±. 

Here B t ,Bo,B c are the ^-valued partial derivatives of Boh, while u de- 
notes the Re z coordinate vector field, d u B : U £ — ► X is the corresponding 
directional derivative of B : U e — > X , and i in m refers to the complex 
structure of C 2 . 

In fact, we have (19. 5. c) and A = at o± as ho = h c = and h t = u 
at o-t by (19.3) and (19.1). Now let A be the analogue of B obtained by 
using, instead of J, the complex structure of C 2 . Hence A is constant as 
a function U £ — > , while, by Lemma 18.5(d), B = 4 at all points of ?7 £ 
that have the form (t, 0) or (is,0) with t,s € R, including, when c = 0, 
the /i-images (0,±p(0)) of (t,e ie ) = (0,±1). (Also, A(h t ,h e ) = ImJ, 
cf. (19.4.)) To evaluate the partial derivatives of A at o± in (19.5), we 
differentiate the three- factor "product" B(h t , ho) via the Leibniz rule. The 
partial derivatives in question differ from those of A(ht, ho) just by the extra 
terms in which the B factor is differentiated. However, by (19.3.ii), such 
an extra term can only be nonzero if exactly one differentiation falls on the 
ho factor. This, combined with (19. 5. c), shows that the extra terms are 
all zero, except, possibly, those in Au and A^, equal to ±2p(d u B)(u,v) 
and, respectively, ^fp(d u B)(u,iu). (By (19. 3. i), h t = u, hot = ±pv and 
hoe = Tpiu at o±.) Now (19.5) follows, since B(u,v) = identically 
on U £ , and so (d u B)(u,v) = d u [B(u,v)] = 0, while the partial derivatives 
of A(ht,hg) at o± are easily found using the Leibniz rule and (19.3): for 
instance, [A(h t ,h e )] t = A{h t ,h et ) = ±p{0)A(u,v) = 0. 

Our functions p and a were so far subject to the specific conditions listed 
above, but otherwise arbitrary. However, a special choice of p gives 

(19.6) A tt Ago - {A et ) 2 > at the two points {t,6,c) = o±. 

Namely, by (19.5), A tt Aee - (A et ) 2 = 4p 3 p - [p(d u B)(u,iu)] 2 . Although 
the function (d u B)(u,iu) : U £ — > R does not depend on the choice of p, 
its value used here does, as it is taken at the point h(0, ±1) = (±ip(0),0). 
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Modifying p so as to keep p(0) > unchanged while making p(0) so large 
that 4p(0)p(0) > [(d u B)(u,iu)} 2 at (±ip(0),0), we obtain (19.6). 

As A c > = A at o± (see (19.5)), the implicit function theorem applied 
to the function (t, 9, c) i— > A shows that, in some neighborhood of either 
point o± in R 3 , the equation A = describes the graph of a C°° function 
(i, 6) i ^ c, equal to at (0,0) or, respectively, at (0,7r). Partial differentia- 
tions of the equality A = with respect to t, 6 show that, as a consequence 
of (19.5) and (19.6), is a nondegenerate local-maximum value of the func- 
tion (t, 0) <— > c at (0,0) (or, (0,7r)). Thus, we may choose neighborhoods 
of (0,0) and (0,7r) on which A = B(ht,hg) is nonzero everywhere for all 
sufficiently small c > 0. Due to the definition of B and Example 9.1, this 
shows that h, with any such fixed c, is a J-totally real immersion when re- 
stricted to the two corresponding neighborhoods of (0, ±1) in [—1, 1] x S 1 . 
On the other hand, removing the latter two neighborhoods from [—1, 1] x S 1 , 
we are left with a compact set on which h is J-totally real for any small 
c > (since that is the case for c = 0, as we saw earlier). 

Thus, our h, with any fixed c > close to 0, is a J-totally real im- 
mersion with a single, transverse, negative self-intersection, while U £ is an 
obvious choice of the open subset required in (v). The only claim that still 
needs proving is smoothness of the union S of the image of h with the 
complements of the disks of radius p(l), centered at (±1, 0), in the Eu- 
clidean planes {(z,w) € C 2 : Rez =F 1 = Imw = 0}. To this end, let us fix 

5 € (0, 1) with supper C [—5, 5], and denote by N' the disconnected 3-man- 
ifold formed by all (z,w) 6 C 2 with |Rez| > 5 and Imro = 0. Smoothness 
of S now follows from smoothness of the (disconnected) surface £' C N' 
which consists of (z,w) € N' such that, setting t = Rez and defining 
r > by r 2 = (Imz) 2 + (Rew) 2 , one has either \t\ = 1 and r > p(l), or 

6 < \t\ < 1 and r = p{t). In fact, £' is a smooth surface in the Euclidean 
3-space C x R c C 2 with the coordinates Rez, Imz, Rew, since it is ob- 
tained by revolving, about the Rez axis, a (disconnected) C°° curve lying 
in the half-plane Imz > = Reii;. The curve is the intersection of U' with 
the half-plane, so that its smoothness becomes obvious if one parametrizes 
either of its components using r (the distance from the Re z axis) as the 
parameter, and recalls the assumptions made earlier about the derivatives 
of the inverse of p. Finally, the set S' = S n N' is relatively open in S (as 
S' = {(z,w) € S : \Rez\ > 5}), while S' is also the image of E' under the 
diffeomorphism N' —> N' sending (z,w) to (z, (Re z)w). 

The proof of Theorem 18.1 is now complete. 

20. Totally real tori and Klein bottles in C 2 

We begin this section with some simple examples of totally real immersions 
and embeddings of the torus T 2 and Klein bottle K 2 in C 2 . 
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For C 1 functions x,y : U — > C on a open set U in the (t, s)-plane 
R 2 , we define the function J(x, y) : U — > C by J"(x, y) = x s yt — x t y s (cf. 
Example 9.1); the subscripts stand for the partial derivatives. 

Example 20.1. Let x,y,h : R 2 — > C be doubly 27r-periodic C 1 functions 
of the variables i, s such that |j7(x,y)| is bounded on R 2 and h s = 
identically, while |x s /fct| > e for some real number e > 0. The mapping 
(x,y + a/i) : R 2 — > C 2 with any constant a G R, then descends to the 
torus T 2 = [R/27rZ] x [R/27rZ] and, for large \a\, it produces a totally 
real immersion / : T 2 — > C 2 . If, in addition, x,y, /i are all invariant under 
the transformation (i, s) t— > (i + 7r, — s) of R 2 , then (x,y + ah) further 
descends to a totally real immersion / : K 2 — > C 2 of the Klein bottle 
ii" 2 = R 2 /r = T 2 /Z2, where T is the transformation group generated by <P 
and <P with <P(i, s) = (t + 7r, -s) and \P(t, s) = (t, s + 2ir). 

In fact, (x,u) : R 2 — > C 2 is a totally real immersion if and only if 
J(x,u) / everywhere in R 2 (see Example 9.1). Clearly, for any r G R, 

(20.1) J(x,y + ah) = J(x,y) + ax s h t , 

and so \J~(x,y + ah)\ — > 00 as a — > 00, uniformly on [7. Therefore, if |a| 
is sufficiently large, J(x, y + ah) 7^ everywhere in R 2 . 

Example 20.2. The assumptions listed in Example 20.1 are obviously sat- 
isfied by the functions x(t,s) = e lkt (sins + isin2s), y(t,s) = e dt coss, 
h(t,s) = e tlt , where k and / are fixed integers with / 7^ 0. The mapping 
(x,y + ah) : R 2 — ► C 2 thus descends, for large a, to a totally real immersion 
/ = f k > 1 : T 2 — > C 2 of the 2-torus; in the case where k is odd and / is 
even, it similarly descends to a totally real immersion f = f k ' 1 : K 2 — > C 2 
of the Klein bottle. 

Furthermore, if £:, Z are integers and either 

a) 1 = 1, while E is the 2-torus T 2 , or 

b) 1 = 2, while is odd and U is the Klein bottle K 2 , 

then, for all sufficiently large a > 1, the mapping / fc '' : U — > C 2 defined 
above is a totally real embedding. 

In fact, injectivity of / fc '' follows since (x,u) = (x(t, s),y(t, s) + ah(t,s)) 
determines (a, (3) = (e ts ,e lt ) either uniquely (case (a)), or up to the involu- 
tion (a, (3) 1— ► (a, — [3) (case (b)). Specifically, coss = \u\ — a, e M = u/\u\ 
and sins = xe~ tkt (l + 2i cos s) _1 . 

21. Proofs of Theorem 2.3 and Corollaries 2.4 2.9 

Let M be an almost complex surface. Corollary 11.3 implies that S 2 admits 
a totally real immersion in M, while totally real embeddings T 2 — > M and 
ii" 2 — > M exist in view of Proposition 10.1 combined with Example 20.2. 
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If real surfaces E and £' admit totally real immersions / and /' in M, 
then totally-real immersibility of E # E' in M is an obvious consequence 
of Theorem 18.1 applied to M \ [f(dD) U f'(dD')] rather than M, and 
x ± G M chosen so that /(x) = x + ^ x~ = f'(x') for some x G 17, x' G 17', 
along with 17+ = /(IntD) and 27" = /'(IntD'), where are small 

closed disks embedded in 17, Z" so as to contain x, x' as interior points. 

Next, let E + be a closed totally real surface embedded in M. A totally 
real 2-torus U~ embedded in M \ E + exists by Corollary 10.2; in view of 
Theorem 18.1, £ + # E~ admits a totally real immersion in M with just one 
self-intersection, in the form of a double point at which the self-intersection 
is transverse and, if E is orientable, also negative. 

The statement following Lemma 16.2, applied to the immersed image of 
E + #E~ £3 27 #T 2 (rather than 17), gives rise to a totally real embedding 
of E#T 2 #K 2 in M, thus proving Theorem 2.3. 

Corollaries 2.4 - 2.6 now follow, and Corollary 2.7 is easily derived from 
Corollary 2.6 using a real form RP 2 C CP 2 (see (vi) in Section 9). 

Corollary 2.8 for T 2 and S* 2 is clear from Theorem 2.3, Lemma 12.1(a) 
and Example 13.4 (or, Example 13.5) combined with Remark 13.1. To prove 
Corollary 2.8 for nonorientable closed surfaces E, note that the operation 
E i ^ £#T 2 #K 2 (where K 2 is the Klein bottle) reduces the Euler char- 
acteristic by 4, and so, in view Theorem 2.3, one needs only to show the 
existence of a totally real embedding in M = CP 2 # mCP 2 , m > 1, of 
any closed nonorientable surface E such that x(27) G {—2,-1,0,1}. If 
x(E) G {—2,0}, this follows from Theorem 2.3 and embeddability of S 2 , as 
£ = S 2 #T 2 #K 2 . Now let x(I7) = ±1. Thus, 27 = RP 2 or E = 3RP 2 , 
and our claim is obvious from (vi) in Section 9, Lemma 12.1(a) and Corol- 
lary 12.2. 

Finally, Corollary 2.9 is immediate from Corollary 2.4, (5. 3. a) and (1.7). 

22. Obstructions for embedded orientable surfaces 

Let M be a compact almost complex surface. If a closed oriented real 
surface E admits a totally real embedding / : E —> M and fi G H 2 (M, R) 
denotes the (real) Poincare dual of f*[£] G H2(M, R), setting x = x(^) 
and ci = Ci(M) we can rewrite (5.4), with n = 2, and (5.3.b) as 

(22.1) A i^ A i = _ x , ^ Cl = 0. 

For any closed oriented 4-manifold M, the cup product ^ is nondegenerate 
as a real- valued symmetric bilinear form in H 2 (M, R) , and its sign pattern 
consists of b + pluses and b~ minuses, for some ^eZ with b2(M) = b + +b~. 

Proposition 22.1. Let M be a closed almost complex surface for which 
b + = 1, c\ ^ c\ > and c\ ^ in H 2 (M, R), and Zet a closed orientable 
surface E admit a totally real embedding f : E — > M. 
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a) E must then be diffeomorphic to the torus T 2 or the sphere S 2 . 

b) If, in addition, M has b~ = 0, then E is diffeomorphic to T 2 . 

c) If E is diffeomorphic to T 2 , then either c\ ^ c\ > and f*[E] = 
in H2(M, R) ; or c\ ^ c\ = and f*[E] is a real multiple of the 
Poincare dual of c\ in H2(M,H). 

Proof. If % < 0, relations (22.1) imply that the cup-product form ^ is 
positive semidefmite on the subspace W C H2 (M, R) spanned by /i and 
c\. Since ^ has the Lorentzian sign pattern H — . ..— , this shows that 
dimVF = 1. Using (22.1), we now obtain (c). Also, as the inequality x < 
would, by (22.1), make ft and c\ linearly independent (and hence yield 
dimVF = 2), we see that x = x(^) > 0, which proves (a). Finally, condition 
b~ = implies that c\ spans H 2 (M, R), so that (22.1) gives fi = and 
X = 0, which yields (b). This completes the proof. □ 

Corollary 22.2. The torus T 2 is the only closed orientable real surface that 
admits a totally real embedding in C 2 , CP 2 or the complex surface obtained 
by blowing up a point in CP 2 . 

Proof. A totally real embedding of T 2 exists according to (v) in Section 9. 
Concerning its nonexistence for other real surfaces, the case of C 2 follows 
from that of CP 2 via the inclusion C 2 C CP 2 (or, directly from (5.4) 

with H 2 (C 2 ,Z) = {0}). As for M = CP 2 or M = CP 2 # CP 2 , the only 
other possibility left by Proposition 22.1(a) is that of a totally real 2-sphere 
embedded in M. This in turn is excluded by Corollary 5.2. (For CP 2 , we 
may also use Proposition 22.1(b).) □ 

Proofs of Corollaries 2.10 and 2.11. In both corollaries, the nonexistence 
part is obvious from Proposition 22.1 and Corollary 2.9. (Note that con- 
dition m < 9 in Corollary 2.11 amounts to C\ ^ c\ > 0, cf. Section 30.) 
Corollary 2.11 is now immediate from Corollary 2.8. As for Corollary 2.10, 
the existence assertion for T 2 is clear from (v) in Section 9, and for S 2 
it is provided by (vii) in Section 9. Finally, let U be a nonorientable 
closed surface. Since the operation E 1— > U '#T 2 #K 2 (where K 2 is the 
Klein bottle) reduces the Euler characteristic of any closed surface by 4, 
by Theorem 2.3 we just need to show the existence of a totally real em- 
bedding E — > M = CP 1 x CP 1 under the additional assumption that 
X(E) E {-2,0}. Now, if x(£) = 0, this follows from Corollary 2.5. For 
x{E) = — 2, we have E = S 2 #T 2 # K 2 , and so we may use the embed- 
dability of S 2 along with Theorem 2.3. 

23. Embeddings of nonorientable surfaces 

The self-intersection formula (5.5) often fails to detect non-embeddability of 
nonorientable surfaces. For instance, the genus 3 surface RP 2 # RP 2 # RP 2 
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admits no totally real embedding in CP 2 , yet this fact cannot be derived 
from (5.5). To obtain useful obstructions for totally real embeddings of 
nonorientable closed manifolds one needs more subtle intersection-theoretic 
tools, such as the Pontryagin square operation, applicable to this case via a 
result of Massey described below. Our presentation follows [Massey 1969]. 

Given a manifold M and an integer k > 0, the Pontryagin square 
[Massey 1969] is a natural cohomology operation H k (M, Z 2 ) — » H 2k (M, Z4) 
which, applied to mod 2 reductions of integral classes, assigns the value 
[£ - £ mod 4] to [£mod 2], for f G H k (M,Z). The symbol y 2 will stand 
for the Pontryagin square of \i G H n (M, Z 2 ) in the case of a closed oriented 
manifold M of dimension 2n (such as a closed almost complex manifold 
with dim c M = n). Thus, [i 2 G Z 4 . Also, by definition, ,u 2 = G Z 4 if M 
is diffeomorphic to C n . We begin with the following special case of a result 
of Massey [Massey 1969, Theorem 1]: 

Lemma 23.1. Given an embedding f : E — > M of a closed manifold E in a 
closed oriented manifold M with dimM = 2 dim 17 = 2n, where n is even 
and n > 2, let fj, G H n (M, Z 2 ) be the Poincare dual of f*[E] G H n (M, Z 2 ). 
If x{ u ) £ Z and ;U 2 G Z4 are the twisted Euler number of the normal bundle 
v of f and the Pontryagin square of fi, then 

(23.1) ^ 2 = [x(^)mod 4] + 2 [w\ ^ w n -i] G Z 4 , where wj = Wj(E), 

2 [wi ^ w n -\\ being the image of w\ ^ w n -i under the nontrivial coefficient 
homomorphism Z 2 — ► Z4. 

Proof. Any embedding / : Z 1 — > M gives rise to the associated mapping F 
from M into the Thorn space Th(z/) (that is, a one-point compactification) 
of the normal bundle v of /. The Thorn space is an oriented pseudoman- 
ifold, and with the usual orientation conventions, F induces the identity 
homomorphism between the top (co)homology groups. Moreover, jjl is the 
F-pullback of [ZYmod 2] G H n (Th(v), Z 2 ), that is, of the (well-defined) 
mod 2 reduction of the Thom class U. (The Thom class itself lives in 
the cohomology of another pair with twisted Z coefficients.) As shown 
by Massey [Massey 1969, Theorem 1], the Pontryagin square [Zimod 2] 2 is 
the image, under the Thom isomorphism, of [e(u) mod 4] + 2 [wi ^ w n -\], 
where [e(v) mod 4] denotes the mod 4 reduction of the twisted Euler class 
of v. Now (23.1) follows since naturality of the Pontryagin square allows us 
to compute the right-hand side of (23.1) in the cohomology of either Th(^) 
or M, with both sides treated as elements of Z4. □ 

Corollary 23.2. Let f : U — > M be a totally real embedding of a closed 
real manifold E in a closed almost complex manifold M with dimRZ = 
dimcM = n, where n is even, and let fi G H n (M, Z 2 ) be the Poincare dual 
of the homology class f*[E] G H n (M, Z 2 ). The Pontryagin square fi 2 G Z4 
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then is characterized by (23.1). For n = 2, this becomes 
(23.2) fx 2 = [ X {E) mod 4] . 

Equality (23.2) remains valid, with fi 2 = 0, if M, rather than being compact, 
is assumed diffeomorphic to C 2 . 

This is obvious from (5.1) and Wu's formula (1.7); if M « C 2 , we may use 
Lemma 23.1 with M replaced by its one-point compactification S 4 . 
A further consequence is 

Corollary 23.3. Suppose that a closed real surface E admits a totally 
real embedding in the complex surface M = CP 2 or M = CP 2 # CP 2 . 
Defining \i G {0,1,2,3} by Xi = x(^) mod 4, we then have Xi G {0,1} 
if M = CP 2 and X 4 G {0,1,3} if M = CP 2 # CP 2 . 

In fact, as in the argument for Proposition 5.1, this is immediate from 
(23.2), since, for integers p,q, the mod 4 congruence class of p 2 must con- 
tain or 1, while that of p 2 — q 2 must contain 0, 1 or —1. 

Proofs of Corollaries 2.12 - 2.14. The nonexistence assertion for orientable 
E other than the torus is immediate from Corollary 22.2, while the case of 
T 2 is covered by Corollary 2.5. Now, let E be nonorientable. The operation 
E i-> E#T 2 #K 2 (with K 2 denoting the Klein bottle) reduces x(^) by 4; 
thus, by Theorem 2.3, for the existence assertions in Corollaries 2.12 - 2.14 
it suffices to show that a totally real embedding exists if X (E) is zero, or 
x(E) G {0, 1} or, respectively, x(^) G { — 1, 0, 1}. For x(^) = in all three 
corollaries, or x(^) = 1 in Corollary 2.13, or x(^) = =tl i n Corollary 2.14, 
this existence statement is clear from Corollary 2.5, or (vi) in Section 9 or, 
respectively, (vi) in Section 9 combined with Corollary 12.2, as x(^) = ~ 1 
for E= RP 2 #RP 2 #RP 2 . 

Finally, the nonexistence statements for nonorientable E can be estab- 
lished as follows. Let E admit a totally real embedding in M. Assume 
first that M = CP 2 or M = CP 2 # CP 2 . By Corollary 23.3, x(^) has 
the required remainder mod 4. Next, if M = C 2 , this last fact yields 
X(E) = mod 4, since C 2 C CP 2 and X (E) 

is even by Corollary 2.9. □ 

24. The sets 3 q (E) and D|(M) in special cases 

Given a real manifold E and q G {2, 4, . . . , oo}, let 3 q (E) be the set defined 
by (2.9), with Zoo = Z. Thus, as H l {S n , Z q ) = {0} for n > 2, 

(24.1) 3 q (S n ) = {0} whenever n>2 and q £ {2, 4, 6, ... , oo}. 

Since 3 q (E) is either empty or forms a coset of the subgroup of H 1 (E, Z q ) = 
Hom(7Tii7, Zi q ) consisting of all homomorphisms valued in the even subgroup 
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(24.3) 3 q (RP r 



2Z q (the image of Z q under the homomorphism £ 2£), we also have 

(24.2) 3 q (T n ) = (2Z q ) n C (Z q ) n = H l (T n ,Z q ), 

() n in (2Z ? ) n , (Zq)™ being the nth Cartesian power, with H l {T n ,Z q ) = 
(Z q ) n due to the standard identification resulting from (1.5) (where iriT n = 
Z n ). Next, one easily verifies that, for all q G {2, 4, 6, ... , oo}, 

J {</?} if q/2 is finite and odd, 
1 if q = oo or q/2 is even, 

where ip £ i? 1 (RP n , Z g ) = Hom(Z2,Z 9 ) (cf. (1.5)) is the unique nonzero 
homomorphism Z 2 — > Z ? . (Note that 7Ti[RP n ] = Z 2 , and t«i(RP n ) with 
(1.6) equals Id : Z 2 -» Z 2 .) 

For an almost complex manifold M, a fixed sign ±, and e € {0, 1}, let 
S)|(M) now be defined by (2.8). If M = CP 2 , we thus have 

(24.4) Sl(CP 2 ) = 0, D|(CP 2 ) = 2)°(CP 2 ) = {0}, 23° (CP 2 ) = {[RP 2 ]}, 

[RP 2 ] being the Z 2 -homology class of E = RP n in (vi) of Section 9 for 
n = 2. (In fact, ci(M) : H 2 (M,Z) -» Z and w 2 (M) : H 2 {M,Z 2 ) -► Z 2 
then are isomorphisms.) Finally, since i? 2 (C 2 , Zr 2 i) = 0, 

(24.5) D|(C 2 ) = {0}, £°(C 2 ) = {0}, S°(C 2 ) = Di(C 2 ) = 0. 

25. Closed surfaces and cohomology 

We begin with some known facts gathered here for easy reference. First, the 
fundamental group T = -KiK 2 of the Klein bottle K 2 = RP 2 #RP 2 treated 
as a group of deck transformations in R 2 , has the generators \P described 
in Example 20.1. Since & 2 = ^ r 0W r ~ 1 ^~ 1 , the Abelianization Hi(K 2 ,Z) of 
T may from now on be identified with the direct product Z x Z 2 (the factor 
groups being generated by <P and As & is orientation-preserving while 
<P is not, w^K 2 ) : ix x K 2 -> Z 2 = {0,1} sends <P to 1 and & to (cf. 
(1.6)). The homomorphism Z x Z 2 — > Z 2 arising as ti^if 2 ) descends to 
H\{K 2 ,Z) therefore sends (k,e) to [fcmod 2]. Finally, the transformation 
(t, s) i— > (— t, s) in R 2 commutes with ^ and conjugates with c^" 1 , so 
that it descends to a diffemorphism If 2 — » If 2 of If 2 = R 2 /r, which acts 
in Hi(K 2 ,Z) = Z x Z 2 by (fc,e) ^ (-ife,e). 

Remark 25.1. For a closed real surface E of genus s we have, up to a 
diffeomorphism, one of three cases: 

a) E = T 2 # ... #T 2 (s summands), 

b) s is even and E = T 2 # . . . #T 2 #lf 2 , with s/2 summands, 

c) s is odd and E = T 2 # . . . #T 2 #RP 2 , with (s + l)/2 summands. 
This includes E = S 2 (case (a), with s = 0), the Klein bottle Z 1 = K 2 
(case (b) with s = 2), and E = RP 2 (case (c), for s = 1). 
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Remark 25.2. Let G,G\, . . . ,Gk be Abelian groups and let E be a mani- 
fold with H 1 (S,Z)=G 1 x...x G k . Then, by (1.5) and Remark 1.1, 

i) H l (E,G) = Hom(Gi,G) x ... x Hom(G fc ,G), 

ii) the coefficient-reduction homomorphism H l (E,G) — > H l (E,G') cor- 
responding to any homomorphism h : G — > G' of Abelian groups is the 
Cartesian product of the composition homomorphisms for the factor 
groups, with both H 1 (E,G) and H 1 ^, G') decomposed as in (i). 

Given an Abelian group G, we denote by G or( j2 the subgroup of G con- 
sisting of zero and all elements of order 2. Thus, 

(25.1) H\K 2 ,G) = GxG ord2 , 

as one sees combining Remark 25.2 (i) with the relation Hi(K 2 , Z) = Z x Z2 
at the beginning of this section. Obviously, 

(25.2) (Zg)ord2 = {0,^/2} for any even positive integer q. 
Also, given closed real surfaces E, E' such that E' is orientable, 

i) H^EftE^Z) = H 1 (E,Z)xH 1 (E',Z), 

(25.3) ii) H 1 (E # E', G) = H 1 (E, G)xH 1 (E',G), 

hi) 3 q (E#E') = 3 q (E) x 3 q (E') for q e {2,4,6, ... ,00}, 

where 3 q (S) is defined by (2.9), with = Z. Namely, the well-known 
isomorphic identification (25. 3. i) combined with Remark 25.2(i) and (1.5) 
gives (25.3.ii). Next, wi(Z , #Z") = (w^S), Wi(E')) (in terms of (25.3.ii) 
with G = Z2), since, by (1.6), wi(U#U'), acting on H±(-,Z) rather 
than 7Ti( • ), coincides with the first-factor projection in (25. 3. i) followed by 
wi(S). Using Remark 25.2(h) and (2.9), we now get (25. 3. hi). 

On the other hand, for the Klein bottle K 2 and q G {2, 4, 6, ... , 00}, 

(25.4) 3 q (K 2 ) = (Z q \ 2Z q ) x [(Z ? ) ord2 n 2Z 9 ] . 

In fact, combining the description of w\(K 2 ) at the beginning of this section 
with (25.1) for G = Z 2 weget Wl (K 2 ) = (1,0) G Z 2 xZ 2 (as (Z 2 ) ord2 = Z 2 ). 
Now (25.4) is immediate from Remark 25.2(h) and (25.1). 

Given a closed manifold U and an even positive integer q, the mod q 
reduction homomorphism i? 1 (i7,Z) — ► H 1 ^, Z q ) sends the set Joo(S) into 
3 q (U). (Notation of (2.9), with Z^ = Z.) This is clear from Remark 1.1: as 
q is even, reduction mod q followed by reduction mod 2 results in reduction 
mod 2. We thus obtain the mod q reduction mapping 

mod q 

(25.5) ^{E) >3 q (E). 

Lemma 25.3. Given a closed real surface E and an even integer q > 0, 
i) the mapping (25.5) is surjective if and only if either E is orientable, 
or E is nonorientable and x(^) ~ <z/2 is odd, 
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ii) if q = 4 and E is the Klein bottle K 2 , the image of (25.5) is the 
2-element subset {1,3} x {0} of the 4-element set 

(25.6) 3 A (K 2 ) = {1,3} x {0,2}, 

which itself is a subset of H l {K 2 ,Z A ) = {0, 1, 2, 3} x {0, 2} C Z 4 x Z 4 , 
cf. (25.1), with Z 4 = {0,1,2,3}. 

Proof. Succesively applying (25.3.iii) we obtain, from (24.1) - (24.3) and 

(25.4) , with superscripts denoting Cartesian powers, 3q(E) = (2Z q ) 2d in 
case (a) of Remark 25.1, 3 q (E) = (2Z q )9- 2 x (Z q \2Z q ) x [(Z 9 ) ord2 n2Z ? ] in 
case (b), and 3 q (E) = {2Z q y~ 1 x [(Z g ) ord2 \2Zg] in case (c) (as 3 q (RP n ) = 
(Z g ) ord 2 \ 2Z 9 for q G {2, 4, 6, . . . , oo}, cf. (24.3) and (25.2)). In view of 
to Remark 25.2(ii), the mapping (25.5) acts by mod q reduction in each 
Cartesian factor set just listed. Also, since q is even, the reduction mappings 
Z — > Z q and Z \ 2Z — > Z q \ 2Z g are surjective. Therefore, surjectivity of 

(25.5) always holds in case (a) of Remark 25.1, while in case (b) or (c) it is 
equivalent to (Z g ) ord2 PI 2Z q = {0} or, respectively, (Zq) ord2 \ 2Z q = 0. 
Now (i) is immediate from (25.2), as x(^) = 2 — g in cases (b) and (c). 
Finally, (25.1) - (25.2) give H l {K 2 , Z 4 ) = {0, 1, 2, 3} x {0, 2}, so that (25.6) 
follows from (25.4) for (7 = 4, and (ii) is immediate as Z ord2 n 2Z = {0}. □ 

26. More on tori and Klein bottles in C 2 

We will now evaluate the Maslov index i and degree d for the totally real 
immersions f k ' 1 constructed in Example 20.2. 

When E is the torus T 2 or the Klein bottle K 2 , (24.2) and (25.4) with 
n = 2 and q = oo become ^(T 2 ) = 2Zx2ZcZxZ = H l (T 2 , Z) and 
J^iK 2 ) = (Z \ 2Z) x {0} C Z x {0} = H l (K 2 ,Z) (cf. (25.1), (25.2)). 

A totally real immersion (x, u) : R, 2 — > C 2 which is doubly 27r-periodic 
(or, in addition, also invariant under the transformation ^ of Example 20.1) 
descends to a totally real immersion / : E -► C 2 with E = T 2 (or, respec- 
tively, = K 2 ). Let us now set, for 4> = *70C) u ) defined as in Example 9.1, 

i f 271 <t>s , i f 2w <pt , i / ,7r r^ti 

26.1 P=7T-- ^ds, r=— / f±dt, m=- ^ dt, 

where the subscripts represent partial derivatives. Thus, p,r,m £ Z and 
the Maslov index of / (see Section 2) is 



(26.2) /(/) 



(2p,2r) G 2Z x 2Z = Z^E) if E = T 2 , 

(m,0) G (Z \ 2Z) x {0} = ^(i^ 2 ) if 17 = K 2 . 



Proposition 26.1. Let E stand for the 2-torus T 2 or the Klein bot- 
tle K 2 , and let f : E — > C 2 be a totally real immersion obtained as in 
Example 20.1 from some x(t,s), y(t,s) and h(t) satisfying the hypothe- 
ses of Example 20.1. Then f has the Maslov index (26.2) with p = 
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(2m) 1 J Q n (x ss /x s ) ds, r = (2m) 1 / " r [(x st /x s ) + (h tt / h t )} dt , and m = 
(iri)' 1 Jq [(x s t I 'x s ) + (hu l 'ht)] s =o dt , the subscripts being partial derivatives. 

In fact, (26.1) holds for <fi = <fi^ with <ft^ = a^ 1 J(x,y + ah) and large 
a > (notation of Example 9.1). Homotopy invariance of the degree then 
guarantees that the integrals (26.1) do not depend on a. Taking their limits 
as a — > oo, we obtain our assertion, since lim^oo <p^ = x s hf by (20.1). 

Proposition 26.2. There exist totally real embeddings of the 2-torus T 2 
and the Klein bottle K 2 in C 2 which realize any prescribed Maslov index 
i(f) with (26.2). 

Proof. To exhibit such embeddings, we first apply Proposition 26.1 to the 
totally real embeddings f k ^ : T 2 — > C 2 for k £ Z and / fc ' 2 : K 2 — > C 2 for 
odd k, described in Example 20.2. The mapping F : H/2-irZ — > S 11 defined 
by the assignment R3sh x 8 /\x 8 \ (with any fixed t) now is of degree zero 
(since x s (t,s + ir) = —x s (t,s), and so F is homotopic to its composite 
with the conjugation). Therefore, by Proposition 26.1, we have p = 0, 
that is, f k ^ and f k ' 2 have the Maslov indices (2p, 2r) = (0, 2k + 2) and, 
respectively, (m, 0) = (A; + 2,0). We thus have realized all index values for 
the Klein bottle; to obtain an arbitrary Maslov index (2p, 2r) for the torus, 
we set k = — 1 (when p = r = 0) or, when (p, r) ^ (0,0), use the composite 
of our /, for k = d — 1, with the group automorphism of T 2 corresponding 
to a suitable matrix 21 € SL(2,Z). Specifically, we fix b, c € Z such that 
br — cp = d, where c# is the greatest common factor of p and r, and then 
choose 21 to have the rows [b c] and [p/d r/d]. □ 

27. The integer q in (1.4) 

For a simply connected almost complex manifold M, let q be as in (1.4). 

a) W2(M) is the mod 2 reduction of ci(M). 

b) The connecting homomorphism in (1.1) for E = E + (M) is, up to a 
sign, the composite — > ^(M, Z) — ► Z of the Hurewicz isomor- 
phism with ci(M), and so its image, that is, the kernel of Z — > 7Ti^ 
in (1.1), is trivial if q = oo, and generated by g/2 if g < oo. 

c) M is spin if and only if q = oo or q is finite and divisible by 4. 
Similarly, q = oo if and only if c\(M) = 0. 

d) If M is not spin, or c±(M) = 0, the mod 2 reduction homomorphism 
H 2 (M,Z) -> H 2 (M,Z 2 ) maps Ker[ci(M)] onto Ker [i^(M )]. 

e) If M = C 2 , or M = CP 2 , or M = CP ! x CP 1 , then q = oo, or q = 6, 
or, respectively, g = 4. 

f) g = 2 whenever M is obtained by blowing up a point in a simply 
connected complex surface. 

In fact, (a) and (b) are well known, while (c) follows from (a), (b) and 
Remark 1.1. As H 2 (M,Z) — > H 2 (M,Z 2 ) is surjective, (a) yields (d) in the 
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case where c±(M) = (cf. Remark 1.1). Again by (a), if M is not spin, 
ci(M) : H2(M, Z) — ► Z must assume some odd values; the homomorphism 
sending H 2 (M,Z)/Ker[a(M)] » Z into H 2 (M, Z 2 ) /Ker [w 2 (M)] ~ Z 2 , 
induced by the mod 2 reduction, is therefore surjective. Every element 
of Ker [w 2 (M)] thus has a preimage in H 2 (M,Z) with an even image in 
H 2 (M, Z)/Ker [ci(M)], which proves (d). Next, (a) implies (e), as the values 
assigned by c\(M) to the standard generator (s) of H 2 (M, Z) for M = CP 2 
or M = CP 1 xCP 1 are 3 or, respectively, 2 and 2. Finally, (f) follows from 
(a), since c\(M) yields the value 1 when integrated over the exceptional 
divisor resulting from the blow-up (cf. also formula (30.1)). 

28. Index and degree after modifications 

We now determine how the zooming and connected-sum operations of Sec- 
tions 10 and 18 affect the Maslov index and degree. 

Lemma 28.1. Given a totally real immersion/ embedding f of a closed real 
surface U in C , and a simply connected almost complex surface M, let 
a totally real immersion/embedding f : U — > M be obtained from f by 
a zooming procedure described in Proposition 10.1. Its Maslov index and 
degree, introduced in Section 2, then are 

(28.1) /(/') = [i(/)mod q] G 3 q (U) C H\E,Z q ), d(f) = 0, 

where q is determined by M via (1.4) and [i(/)mod q\ denotes the mod q 
reduction of /(/) 6 H 1 (U, Z), that is, its image under the mapping (25.5). 

Proof. Let U C C 2 be a ball containing f{E). Since U is contractible, 
d(f') = 0. Also, i(f') is the homomorphism (3.3) of fundamental groups 
induced by VJl(f'). Thus, i(/') equals /(/) followed by the homomorphism 
■ki[E(U)] -> m[E(M)] induced by an embedding of U -> M. As the fibre 
inclusion U(l) — > E(M) represents a generator of it\[E{M), the latter 
homomorphism is nothing else than the projection Z — > Z g . □ 

Lemma 28.1 can be modified when M is a complex surface; rather than by 
zooming, /' may then be obtained as the composite of / with a holomorphic 
embedding in M of an open ball in C 2 containing f{E). 

Corollary 28.2. Given a simply connected almost complex surface M, let 
us consider the following condition imposed on a closed real surface U and 
an element i £ 3 q (U), with q and 3 q (S) defined by (1.4) and (2.9): 

(*) some totally real embedding / : S — > M has /(/) = i and d(f) = 0. 
Condition (*) is satisfied by 

a) the torus U = T 2 and every i G 3 q (£), 

b) the Klein bottle £ = K 2 and every i G 3 q (E), provided that q/2 is 
either infinite, or finite and odd, 
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c) the Klein bottle E = K 2 and every i in the subset {1,3} x {0} of 
34(E), cf. (25.6), provided that q = 4. 

This is immediate from Lemma 28.1, Proposition 26.2 and Lemma 25.3. 

Lemma 28.3. Let f, f be totally real immersions of closed real surfaces 
E, E' in a simply connected almost complex surface M. If E' is orientable, 
then a totally real immersion E # E' — > M of the connected sum, obtained 
from f and f as in Theorem 18.1, has the Maslov index and degree 

(28.2) i = (1(f), /(/')), d = d(f) + d(f') G H 2 (M,Z [2] ). 

We use here the notational conventions of (25. 3. hi) and (2.3), while adding 
an element of H 2 (M, Z) to an element of H2(M, Z 2 ) is to be preceded by 
mod 2 reduction of the former, so that the sum lies in H 2 (M, Z 2 ). 

In fact, (28.2) follows from (25. 3. i), since the new immersion coincides 
with / or /' except on the boundary of a solid cylinder immersed in M 
(Theorem 18.1(v))). 

Next, for Z(E, M) defined in the lines following Theorem 2.2, we have 

Lemma 28.4. Given a simply connected almost complex surface M, let £ 
be the class of diffeomorphism types of closed real surfaces E such that for 
every (i,d) G Z(E,M) there exists a totally real immersion f : E — > M 
with i(f) = i and d(f) = d. Then £ is closed under the connected-sum 
operation applied to two surfaces, of which at least one is orientable. 

Proof. Let (i,d) G Z(E#E',M), where E,E' belong to £ and E' is 
orientable. By (25.3.iii), i = (j'o, i') with i'o € 3 q (E) and /' G 3 q (E'), for 
q as in (1.4), so that (i ,d) € Z(E,M) due to the definition of Z(E,M). 
Similarly, (i',0) G 3 q (E') x {0} C 3 q (E') x S)|(M) = Z(E',M). Thus, 
(i'o,d) and (i',0) are realized as the index-degree pairs of some totally real 
immersions E — > M and E' — > M. Realizability of (i,d) now follows from 
Lemma 28.3, completing the proof. □ 

For a simply connected almost complex surface M, consider the condition 

, , q/2 is infinite, or finite and even, or, finally, RP 2 admits 
a totally real immersion in M, while q/2 is finite and odd. 

with q defined by (1.4). Further conditions imposed on M are: 

, totally real immersions S 2 — > M realize every degree d 

in some set generating the group Ker [ci(M)] C H 2 (M, Z) 

(0 is such a set when Ker [ci(M)] = {0}), and, for a closed real surface E, 

, s every i G 3 q (E), with g as in (1.4), equals the Maslov 
index /(/) of some totally real immersion f : E —> M. 

We use here the notation of Section 2. 
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Lemma 28.5. Suppose that E is a closed real surface and M is a sim- 
ply connected almost complex surface such that either M is not spin, or 
ci(M) = 0. If conditions (28.4) and (28.5) are satisfied, then E belongs to 
the class £ defined in Lemma 28.4. 

Proof. Let (J,d) G Z(E,M) = 3 q (E) x £>|(M). (Cf. (c) in Section 27 and 
the definition of Z(E, M) in the lines following Theorem 2.2.) Choose / 
for this i as in (28.5). As d,d(f) £ £>|(M) (Lemma 7.1(b)), the difference 
d' = d - d(f) lies in Ker [ci(M)j (if E is orientable) or in Ker [w 2 {M)\ (if 
E is not orientable). Thus, even in the nonorientable case, d' is the mod 2 
reduction of an element of Ker [ci(M)] (see (d) in Section 27). 

Hence, in view of (28.4) combined with Lemma 28.3 and Corollary 11.3, 
(i , d) is the index-degree pair of a totally real immersion E — > M. □ 

Theorem 28.6. Let a simply connected almost complex surface M satisfy 
conditions (28.3) and (28.4). If the class £ defined in Lemma 28 .4 contains 
the Klein bottle E = K 2 , then £ contains every closed real surface. 

Proof. Every closed surface either is one of S 2 , T 2 , RP 2 , K 2 , or can be ob- 
tained by iterated connected summation in which all intermediate sum- 
mands, except (possibly) the last one, are orientable. (Cf. Remark 25.1.) 
Thus, by Lemma 28.4, it suffices to show that £ contains S 2 , T 2 and RP 2 . 
This will in turn follow from Lemma 28.5, once we show that condition 
(28.5) holds when E is any of these three real surfaces. 

First, (28.5) is obvious for E = RP 2 , since, by (24.3), 3 9 (RP 2 ) is a one- 
element set when q/2 is finite and odd, and empty otherwise. Similarly, 
(28.5) for E = S 2 is immediate since 3 q (S 2 ) always has just one element 
(see (24.1)), and a totally real immersion S 2 — > M exists by Corollary 11.3. 
Finally, (28.5) for E = T 2 is obvious from Corollary 28.2(a). □ 

29. Totally real Klein bottles in CP 1 x CP 1 

Let M = CP 1 x CP 1 . The standard isomorphic identification 

(29.1) H 2 (CP 1 x CP\Z [2] ) = Z [2] x Z [2 ] , with Z [2] as in (2.3), 

in which the generators (1,0), (0,1) of Zpj x Z[ 2 ] correspond to cycles of 
the form CP 1 x {y} and {x} x CP 1 , gives 

(29.2) (a,b) ■ (a,b') = ab' + ba' for a, b, a', b' e Z [2] , 

• being the Z[ 2 ]-valued intersection form in i? 2 (M, Zr 2 i ) - In terms of (29.1), 

(29.3) Ker[ci(M)] = {(a, b) GZxZ:a + 6 = 0} C H 2 (M,Z). 

In fact, Ci(M) treated as a homomorphism Z x Z = i^ 2 (M, Z) — > Z acts 
by (a, b) t— > 2(a + b), since it sends both (1,0) and (0, 1) to 2. 

For the Klein bottle E = K 2 and M = CP 1 x CP 1 , one now easily sees 
that [{(1,0), (3,0)} x {(0,0), (1, 1)}] U [{(1, 2), (3, 2)} x {(1, 0), (0, 1)}] is the 
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set Z{E,M) is defined in the lines following Theorem 2.2. (This is clear 
from (25.6) with Hi(K 2 , Z) = Z x Z 2 , cf. Section 25, and (29.3).) Thus, 
Z(E,M) is an 8-element subset of the 16-element set 3 4 (E) x D^(M). 
Here 1 A (E) = {1,3} x {0,2} by (25.6), q = 4 ((e) in Section 27), and 
£° (M) = H 2 (M, Z 2 ) = {0, 1} x {0, 1} for M = CP 1 x CP 1 , by (2.8). 

Proposition 29.1. Let M = CP 1 x CP 1 and E = K 2 . Every element 
(i,d) of Z(E,M) then equals (/(/), d(/)) for some totally real immersion 
f : E — > M. 7/j in addition, d ^ (1,1), iften (i,d) = (/(/), d(/)) /or some 
totally real embedding f : E — > M. 

We will prove Proposition 29.1 at the end of this section. 

Remark 29.2. A suitably-oriented anti-diagonal totally real 2-sphere 17 in 
CP x x CP 1 (see (vii) in Section 9) has the degree d = (1,-1) € Z x Z, 
cf. (29.1). In fact, writing d = (a, 6) we get 6 = =fl, as the composite of 
the mapping x i— > (x, x) followed by the projection onto the second factor 
is Id : CP 1 -» CP 1 . Hence a = ±1 due to relations (5.3.b) and (29.3). 

Remark 29.3. Given a totally real immersion / : E — > M of a closed real 
surface Z" in a simply connected almost complex surface M and a diffeo- 
morphism h : M — > M preserving the almost complex structure, we have 
'(^ ° f) = '(/)■ The reason is that /i, when naturally lifted to E(M), acts 
trivially on 7Ti[.E(M)], as it commutes with the U(l) action which provides 
a generator of 7Ti[.E(M)]. 

Lemma 29.4. Suppose that N, P are almost complex manifolds, E is the 
total space and pr : E — > Q is i/ie projection of a locally trivial fibre bundle 
over a real manifold Q, and h : Q — > TV is a totally real immersion/embed- 
ding. Moreover, let & : E — > P be a C°° mapping whose restriction to each 
fibre E y , y € Q, is a totally real immersion/ embedding. Then f given by 
f(x) = (h(pr(x)),<P(x)), for x E E, is a totally real immersion/embedding 
of E in the product almost complex manifold M = N x P. 

In fact, nonzero horizontal and vertical vectors in E have a!/- images that 
are linearly independent over C. 

Proof of Proposition 29.1. Again, let M = CP 1 x CP 1 and E = K 2 . It suf- 
fices to show that every d = (a, 6) G {0, 1} x {0, 1} = Z 2 x Z 2 = H 2 (M, Z 2 ) 
is realized as the degree d( f) of some totally real immersion / : E — > M, 
injective if d ^ (1, 1), and having the Maslov index i(/) G ^4(E) = 
{1, 3} x {0, 2} with the required second component 2\a — b\. Namely, when 
/ is replaced by its composite /' with the diffeomorphism K 2 — ► K 2 de- 
scribed immediately before Remark 25.1, the possible values 1,3 of the 
first component of i(f) become interchanged, while the second component 
and the degree remain the same. (In fact, that diffeomorphism acts by 
(a, b) i ^ (-a, b) in H\K 2 ,G) = G x G ord2 , cf. (25.1), for any Abelian 
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group G, due to the way it operates on H\(K 2 , Z), as described before 
Remark 25.1; on the other hand, 3 is the opposite of 1 in Z4.) 

First, Corollary 28.2(c) and Remark 29.2 allow us to choose totally real 
embeddings / : E -» M and /' : S 2 -» M with d(f) = (0,0) (proving 
realizability of d = (0,0)) and d(f') = (1,-1) G Z x Z. Lemma 28.3 
now provides a totally real immersion E = E # S 2 — > M with the degree 
d = (1,1) € Z2 x Z2 and the Maslov index i = i(/) G ?4(^) (where 
/(/') = by (24.1), and we identify 3±(E) x {0} with 3±(E)). Thus, 
d =(1,1) is realized as well. 

Next, to realize the degree d = (0,1), let us identify CP 1 with the 
unit sphere S 2 centered at zero in R 3 , and define a totally real embedding 
/ : E — > M as in Lemma 29.4, choosing the base Q to be any circle 
embedded in CP 1 , and the fibres to be the family of all great circles in 
S 2 = CP 1 that contain a fixed pair of antipodal points u,—u£ S 2 . As a 
point y traverses the base circle Q, we require the corresponding fibre E y to 
vary by being rotated about the axis Hu in R 3 in such a way that, after y 
has gone all the way around Q, the fibre circle will have undergone a rotation 
by the angle it. That the resulting embedding / : K 2 — > M = CP 1 x CP 1 
is totally real follows from Lemma 29.4 (the total-reality assumptions being 
satisfied for dimensional reasons, cf. (i) in Section 9). That d(/) = (0, 1) is 
in turn clear if one considers the images of d(/) under the factor projections: 
the projection of / onto the first CP 1 factor is not surjective, while / 
projected onto the second factor is the blow-down projection K 2 — > CP 1 
(with K 2 treated as a two-point real blow-up of CP 1 = S 2 ). 

Finally, for / chosen as above, with d(f) = (0, 1), let /' be the composite 
of / with the switch mapping M 3 (y, z) 1— > (z, y) € M. The totally real 
embedding /' : E -> M obviously has d(f') = (1,0). As /(/') = /(/) (see 
Remark 29.3), this completes the proof. □ 



30. Surfaces immersed in CP 2 # mCP 2 

For M, M' as in (2.11) and ci( • ) : H 2 { • , Z) -»• Z, we have 

(30.1) [c 1 (M'M,q l ,...,q m ) = [d(M)](0 - qi -...-q m . 

whenever £ £ H2(M, Z) and q±, . . . q m G Z. In fact, for the tangent bundle 
r and normal bundle 1/ of any of the m exceptional divisors U in M' 
resulting from the blow-up, [ci(M')]([i7]) = ci(r) + c\(i>) = 2 + ci(i^) and 
ci(zv) = [E] ■ [E] = —1. (Note the sign convention used in (2.11).) 

We now discuss a special case, using further notational conventions. First, 
M = CP 2 #mCP 2 stands, in the rest of this section, for the complex 
surface obtained by blowing up any ordered set of m > 1 distinct points in 
CP 2 , while ( , ) and Z m are the standard Euclidean inner product of R m and 
the additive subgroup of R m generated by the standard basis ei, . . . , e m . 
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The identification (2.11) now yields 

(30.2) # 2 (CP 2 # mCp2,Z) = Z m+1 = Z x Z m C Z x R"\ 

Specifically, the homology classes which correspond here to the elements 
(1, 0) G Z x R m and (0, e,) € Z x R m , j = 1, . . . ,m, are realized by a 
projective line in CP 2 not containing any of the blown-up points (with its 
standard orientation, described at the beginning of Section 5) and, respec- 
tively, by the m embedded copies of CP 1 that replace the blown-up points, 
each of them with the opposite of its standard orientation. Therefore, 

(30.3) (d,q)-(dW) = dd' - (q,q') 

for the intersection form • in H 2 (M, Z), while c x {M) : H 2 (M, Z) -> Z acts 
by {d, q) i > 3d q-y — . . . — q m , where q = (qi, . . . , q m ) (see (30.1)). Thus, 

(30.4) Ker[ci(M)] = {(d, Ql , . . . ,q m ) : Ql + . . . + q m = 3d} C H 2 (M,Z). 

Example 30.1. The totally real immersion / : S 2 -» CP 2 # CP 2 described 
in Corollary 15.3 for m = 1 has d(f) = (1,3). In fact, let d(f) = (d,q). 
Then d = 1 due to the intersection equality in Corollary 15.3 and (30.3) for 
(d',q') = (1,0), so that (5.3.b) and (30.4) for m = 1 give (d,q) = (1,3). 

Example 30.2. A totally real embedded 2-sphere E C CP 2 #2CP 2 with 
the degree [U] = (0, 1, —1), for a suitable orientation of U, can be obtained 
as follows. Using a complex automorphism of CP 2 , we may assume that 
the blown-up points are x ± = (0, ±a) G C x R C C 2 C CP 2 , with a > 0. 
The 2-sphere S of radius a in C x R, centered at (0,0), contains 
as its unique complex points, both removable by blow-up (Example 13.5). 
Blowing them up transforms S into a totally real embedded sphere U in 
CP 2 # 2 CP 2 . To see that [U] = (0,1,-1), set [U] = (d,q). Thus, d = 
from (30.3) applied to the homology class (d',q') = (1,0), represented by 
a projective line in CP 2 not intersecting S. Next, (5.4) (for n = 2) and 
(30.3) yield (g, g) = —(d,q) ■ (d,q) = x(^) = 2. The two components of 
g thus have the absolute value 1, and opposite signs (by (5.3.b) combined 
with (30.4) for d = and m = 2). 

Remark 30.3. Condition (28.4) is satisfied by M = CP 2 #mCP 2 , m > 1. 
In fact, Ker[ci(M)] is generated by (l,3ei) and (0, e^ — ei), j = 2,...,m, 
with ej as above. (See (30.4).) These generators are all realized by totally 
real immersions, in view of Examples 30.1, 30.2 and Lemma 12.1(a). 

Proof of Theorem 2.16. We will verify below that the complex surfaces (0.1) 
all satisfy the assumptions, and hence conclusions, of Theorem 28.6. Thus, 
totally real immersions of closed real surfaces U in the complex surfaces M 
forming the list (0.1) realize, as their index-degree pairs, all elements (i,d) 
of the set Z(£,M) C 3 q (U) x £>^(M) described in the lines following 
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Theorem 2.2. This will clearly imply Theorem 2.16, since in Section 7 we 
already proved that, conversely, all such index-degree pairs lie in Z(E,M). 

First, (28.3) holds if M is C 2 , CP x x CP 1 , CP 2 , or CP 2 #mCP 2 , m > 1, 
as q/2 then equals, respectively, oo,2,3 or 1 (see (e) - (f) in Section 27), 
and in the last two cases a totally real immersion RP 2 — ► M exists according 
to (vi) in Section 9 combined with Lemma 12.1(a). 

Next, (28.4) is satisfied by C 2 and CP 2 in view of Corollary 11.3 (since 
Ker[ci(-)] = {0}); by CP 1 x CP 1 , as a consequence of (29.3) and Re- 
mark 29.2; and by CP 2 #mCP 2 , m > 1, according to Remark 30.3. 

Finally, the assumption about K 2 in Theorem 28.6 holds for CP 1 x CP 1 
by Proposition 29.1, and for the remaining complex surfaces (0.1) it is im- 
mediate from Lemma 28.5: (28.5) is satisfied, with E = K 2 , by Corol- 
lary 28.2(b), since q/2 € {oo,3, 1} (as remarked above), while (28.4) was 
verified in the last paragraph. This completes the proof. □ 

31. Some special cases of Theorem 2.17 

Let E and M be, respectively, a fixed closed real surface and one of the 
complex surfaces (0.1). The pairs (i,d) that can be simultaneously realized 
as the Maslov index and degree of a totally real immersion E — > M then 
are nothing else than all elements of the set Z(E,M). (See Theorem 2.16 
and the discussion following it in Section 2.) This is, however, not the case 
if one replaces the word 'immersion' by 'embedding' since, in view of (5.4) 
and Corollary 23.2 (for n = 2), the degree d = d(f) of any totally real 
embedding / : E — > M satisfies the additional constraint (2.10). 

Theorem 2.17 states that there are no further constraints, as long as 
m < 7 in (0.1). In other words, the conditions (i,d) € Z(E,M) and (2.10) 
hold if and only if the pair (i,d) is realized by a totally real embedding 
E -» M, where M is C 2 , CP 2 , CP 1 x CP 1 , or CP 2 #mCP 2 , 1 < m < 7. 

In this section we establish Theorem 2.17 in the case where E is orientable 
and M is C 2 , CP 2 or CP 1 x CP 1 . (For the other cases, see Sections 36 
and 37.) Note that Z(E,M) = 3 q (E) x Ker [ci(M)] when E is orientable, 
according to (2.7), (2.8) and the lines following Theorem 2.2. 

First, if E is orientable and M = C 2 or M = CP 2 , relations (24.4), 
(24.5) and (2.7) give d G Ker [ci(M)] = {0}, and so, by (2.10), E must be 
the torus T 2 . Our assertion is now obvious from Corollary 28.2(a). 

To verify Theorem 2.17 for orientable E and M = CP^CP 1 , we use the 
notations of (29.1) - (29.2). In view of (29.2) - (29.3), conditions (2.10) and 
d £ Ker [ci(M)], for any given closed oriented surface E, now read a+b = 
and 2ab = -x(^), where d = (a, b). This gives x(^) = ~^b = 2a 2 > 0, 
that is, E can only be the torus T 2 with a = b = or the sphere S 2 
with (a, b) = (±l,=Fl). A totally real embedding E — > M realizing the 
pair (i,d) for any i £ 34(E) (cf. (e) in Section 27) and such d = (a, b) 
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thus exists in view of Corollary 28.2(a) (for E = T 2 ) or Remark 29.2 (for 
E = S 2 ). Note that, if E = S 2 , every value of i G 3 4(E) is realized, since 

(24.1) allows just one value, i = 0. 

32. A Diophantine equation 

Let E be an oriented closed real surface, and let M be the complex surface 
obtained by blowing up any set of m distinct points in CP 2 , for m = 
1,...,8. Thus, Z(E,M) = 3 q (E) x Ker[ci(M)] (see Section 31). As a 
first step toward proving Theorem 2.17 for such E and M, we will provide 
in this section an explicit description of the subset of 2(E, M) defined by 
the additional requirement (2.10). However, as q = 2 ((f) in Section 27) and, 
by (2.9), 32(E) = {w\(E)} = {0}, the first component i of any element 
(i, d) of that subset is uniquely determined, so that we need only to find the 
corresponding set of the second components d. We use the identification 

(30.2) to treat d as a pair (d, q) with d £ Z and q G Z m C R m or, 
equivalently, as a (m + l)-tuple (d, q±, . . . , q m ) of integers. We also set 
X = x(^) an d 1 = (1, . . . , 1) G R m . The conditions imposed on d are 
d G Ker [c 1 (M)] and d d = which, by (30.3) - (30.4), amounts to 

(32.1) (q,l)=3d, \ q \ 2 =d 2 +x, d£Z, q G Z m . 

Here ( , ) is the inner product of R m , and | | is the corresponding norm. 
We now proceed to solve equations (32.1) with x < 2 and 1 < m < 8. 

Example 32.1. Treating (32.1) as a system of equations imposed on d 
and q = (q±, . . . , g m ), in which m,^£Z are fixed parameters with m > 1, 
we can rewrite it as q± + . . . + q m = 3d and q\ + . . . + q 2 ^ = d 2 + x, the 
unknowns now being d, q\ , . . . , q m G Z. Thus, since q 2 = q mod 2 for any 
q G Z, a solution to (32.1) exists only if x is even. Each of the following 
three families of solutions to (32.1) represents infinitely many values of m 
(with d always denoting an integer): 

i) (d, q) = (0, 0) = (0, 0, ... , 0), with any m > 1 and x = 0, 

ii) (d, q) = (d, 1) = (d, 1, . . . , 1), for d > 1, with m = 3d and x = (3 — d)d, 

iii) (<i, g) = (d, d—1, 1, . . . , 1), for any d > 0, with m = 2d + 2 and % = 2. 

As we will show in Lemma 32.3 below, a solution to (32.1) with x < exists 
only if m > 10. In this regard, m = 10 is a threshold value: solutions 
(d, q) = (d,qi, . . . , q m ) with m = 10 not only exist for any prescribed even 
negative integer but can also be chosen so that d > and (/j > 
for all j, as illustrated by (d, q) = (3c + 1 + 2e; c, c, c, c + e, . . . , c + e, 3), 
for integers c > 2 and e G {0,1}, with x = 8 — 2e — 6c, or (<i, g) = 
(3c + 4; c + 2, c, c + 1, . . . , c + 1, 3), for integers c > 1, with x = 4 — 6c. 

Remark 32.2. Equations (32.1) remain satisfied after any permutation of 
the components qi,...,q m of g, as well as after the signs of d and all 
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qi,...,q m have been changed; also, a new solution with m replaced by 
m! > m (or, m' < m) arises if one inserts additional m' — m zeros (or, 
respectively, deletes existing m—m' zeros) among the qi, . . . , q m . Successive 
applications of these operations, repeated in any order, any number of times, 
lead to what we call trivial modifications of the given solution (d, q) to 

(32.1) . 

Lemma 32.3. No solutions to (32.1) exist when \ < and 1 < m < 9. 

If x = 0; the only solution (d,q) with 1 < m < 8 is (0,0), while the only 
solutions with x = an d m = 9 are (3s, s, s, s, s, s, s, s, s, s) for sGZ. 

Proof. The Schwarz inequality (q, l) 2 < |g| 2 |l| 2 becomes (9 — m)d 2 < mx 
for (d, q) with (32.1). If 1 < m < 9, this gives x > 0. If, in addition, 
X = 0, our Schwarz inequality yields (9 — m)d = 0, and so q is a multiple of 
1 (the equality case in the Schwarz inequality); thus, either x = 9 — m = 0, 
or m < 9 and x = d = 0, which completes the proof. □ 

For (d,q),m,x with (32.1) and the greatest integer s with 3s < d + 1, 

(32.2) d = 3s + r, while sGZ and r€ {-1,0,1}. 

Setting s = si = (s, . . . , s) € R m we now have \q\ 2 = d 2 + x = 9s 2 + 6rs + 
r 2 + x, |s| 2 = ms 2 and (q,s) = 3sd = 3s(3s + r) = 9s 2 + 3rs. Hence 

(32.3) |g-s| 2 = (m-9)s 2 + r 2 + x and r 2 e{0,l}. 

Lemma 32.4. The only solutions (d,q) = (d, q±, . . . , q m ) to (32.1) with 
X = 2 and 1 < m < 8 are 

(32.4) (0;1,-1), (1; 1,1,1), (2; 1, 1, 1, 1, 1, 1) , (3; 2, 1, 1, 1, 1, 1, 1, 1) , 

and those obtained from them by trivial modifications, cf. Remark 32.2. 

Note that, up to trivial modifications, (32.4) are precisely the solutions 
(hi) in Example 32.1 for d = 0, 1, 2, 3. 

Proof. Let (d, q) = (d, q\, . . . , q m ) satisfy (32.1) with x = 2 and 1 < m < 8. 
After a trivial modification we get 

(32.5) d > and 9l . . . q rn ^ . 

By (32.3), s 2 < (9 - m)s 2 < x + 1 = 3, and so s G {-1,0,1}. Since 
d > 0, we have s G {0,1}, cf. (32.2). For I = \q - s| 2 , (32.3) with X = 2 
gives ^ G {2,3} (when s = 0), or £ G {m — 7, m — 6} (when s = 1). 
As £ > 0, it follows that m G {6,7,8} if s = 1, while m = i G {2,3} 
and |gi| = ... = \q m \ = 1 if s = 0, as t = \q\ 2 < 3 and, by (32.5), 
Qi ■ ■ ■ Qm ^ 0. The triple (s, m, €) thus must assume one of the seven values 
(0,2,2), (0,3,3), (1,6,0), (1,7,0), (1,7,1), (1,8,1) and (1,8,2). When s = 
1, the relations £ = Y^Lifaj ~ l ) 2 < 2 and ( 32 - 5 ) impiy that 

(32.6) t of the m integers qi,...,q m equal 2 and m — £ of them equal 1. 
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Thus, if s = 1, we have q± + . . . + q m = m + £, while, by (32.1), q\ + 
. . . + q m = 3d, and so m + I = 3d, which eliminates three of the seven 
triples (s,m,£), leaving only those with s = or m + l divisible by three: 
(0, 2, 2), (0, 3, 3), (1, 6, 0), and (1, 8, 1). These triples lead to the four possi- 
bilities listed in (32.4). Namely, (0,2,2) and (0,3,3) have me {2,3} and 
\q\\ = . . . = \q m \ = 1, so that the sequence of two or three integers qj with 
values ±1 and sum 3d > (cf. (32.1) and (32.5)) must be (±l,=pl) with 
d = 0, or (1,1,1) with d = 1, as required. By (32.6), the triples (1,6,0) 
and (1, 8, 1) correspond in turn to the last two solutions in (32.4). □ 



33. Deformations of pseudoholomorphic immersions 

We now present some facts needed in Section 34 to prove Theorem 2.18. 

Given complex vector spaces W, V and A € HomR(W, V) let A^ stand 
for the unique operators W — > V such that A + is C-linear, A~ is antilinear, 
and A = A + + A~. Thus, A ± = (A =p ioAoi)/2 are the components of A 
relative to the decomposition of HomR,(VF, V) into the ±l-eigenspaces of 
the involution Am —ioAoi, where i stands for multiplication by i. Let 
V now be a fixed connection in a complex vector bundle rj over an almost 
complex manifold E. The Cauchy-Riemann operator d of V is the linear 
differential operator that takes any C 1 section ip of r] to 

(33.1) dtp = [V^]~, 

for [ r as in the preceding lines, so that dip is a section of Homc(TZ , ,7/) 
(where TE is the complex conjugate bundle of TE), and its value dip x at 
any x € E is ([V^x) - - Note that Vip itself is a section of Homji(T E , ij) 
sending v € T X E, for any x £ E, to V^^ G f] x . Thus, dip x : T X E — > r\ x and 
2dip x v = V v ip + iVi v ip for v G T X E. 

For a real /c-dimensional manifold E and an almost complex manifold 
M, let [TM] Ak denote the fcth complex exterior power of TM, and let 
detRTZ" be as in (5.2 .ii) . Any C°° mapping / : E — > M then gives rise 
to the vector bundle morphism detd/ : det-^TE — > f*([TM] Ah ) uniquely 
characterized by (det df) x {v\ A ... A v^) = [df x vi] A ... A [df x Vk] for x £ E 
and vi, . . . , Vk € T X E. Obviously, / is a totally real immersion if and only if 
det df is nonzero everywhere as a section of HomR,(detR,TZ', f*([TM] Ak )). 

Given a pseudoholomorphic immersion / of an oriented real surface E 
in an almost complex surface M (cf. the lines following Theorem 2.18) and 
a C°° curve (homotopy) / 3 t i— > /* of mappings E — > M, where / C R 
is an interval, such that £ / and f° = f, let v be the (complex) normal 
bundle of / (see (5.1)). Then 



(33.2) i) det df 



= 0, ii) ^-detdf 



= dfAdip. 

t=o 
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Here (i) reflects the fact that f°=f is pseudoholomorphic; (ii), however, 
requires further explanation. First, tp in (ii) is the section of v obtained as 
the image of (df 1 /dt)t=o under the projection morphism f*TM — > v, and 
d is the Cauchy-Riemann operator for a suitable connection in v, while 
both sides of (ii) are sections of Hom R (det R TZ', f*([TM] A2 )), and df A dip 
is given by (df A dtp) x (u,v) = [df x u] A [dip x v] - [df x v] A [5ip x u] for ie£ 
and u, v G T X U. Thus, with iu G T X U defined using the /-pullback of the 
almost complex structure of M to E, 

(33.3) (df A dil>) x (u, iu) = - 2i [df x u] A [d^ x u] , 

due to complex-linearity of df x and antilinearity of dip x . Secondly, the 
spaces \ x = Hom R ([T x A7] A2 ,[T /(M) M] A2 ), with f(t,x) = f(x), are the 
fibres of a complex line bundle A over £ x I, and (x,t) i— > (det df*) x is, 
in view of (i), a section of A, vanishing along the submanifold U x {0}. 
In general, when a C 1 section h of a vector bundle rj over a manifold iV 
vanishes at a point y G iV, one can define a linear operator D/j^ : — > r/ y 
to be the composite in which the differential dh y : T y N — > Tr y \r] (of 
/i treated as a mapping N ^ r/ into the total space) is followed by the 
projection T^ y ^rj — > ^ coming from the identifications T^ y ^r) = T y N(BT rj y 
and To % = ry^. (Hence, for 77 = T*JV and h = d(f> with any C 2 function 
: N — > R, the Hessian of at the critical point y is D/i y .) We may 
now set (dh(y(i)) /dt)t=o = dh y v whenever t 1— > y(t) is a C 1 curve in N 
with y(0) = 0, having the velocity v G T^A^ at t = 0. As a consequence 
of this for 77 = A and N = E x I, along with any point y = (x, 0) in the 
submanifold U x {0}, and the curve y(t) = (x,t), the left-hand side of (i) 
is a well-defined section of Hom R (det R TA7, f([TM] A2 )). 

Equality (33.2.ii) is now easily verified in local coordinates. For instance, 
one may fix a diffeomorphism between a neighborhood of any given point 
of f(U) and a neighborhood U of (0,0) in C 2 , which makes / appear 
as the inclusion U n (C x {0}) — > C 2 and, at all points of [/fl(Cx {0}), 
identifies the almost complex structure of M with the standard complex 
structure of C 2 . The connection in v then is defined only locally (as well 
as coordinate-dependent and non-unique), but the corresponding Cauchy- 
Riemann operator d is uniquely characterized by (33.3); a globally defined 
connection leading to d may now be obtained via a finite partition of unity. 

34. Proof of Theorem 2.18 

Lemma 34.1. Let dx be a fixed positive smooth measure density on a 
compact manifold U with dim U > 1. 

i) For any finite- dimensional vector space V of real-valued continuous 
functions on E, there exist C°° functions f, h : U — > R, both L 2 -or- 
thogonal to V , such that \f \ + \h\ > everywhere in U. 



TOTALLY REAL IMMERSIONS OF SURFACES 



63 



ii) For any finite- dimensional vector space W of complex-valued continu- 
ous functions on £, some C°° function ip : £ — > C is L 2 -orthogonal 
to W and nonzero everywhere in £ . 

Proof. To prove (i), set k = dim V, and let 5 : £ — > V* be the C°° mapping 
sending each x to the evaluation functional (Dirac delta) 5[x], acting by 
/ i— > f{x). Its image {S[x] : x £ £} spans V*, as otherwise it would lie in 
a proper subspace, that is, some / £ V \ {0} would vanish at all x € £. 
Thus, we may choose 2k distinct points x±, . . . , Xk, yi, ■ ■ ■ , yu £ £ such that 
both 5[xi], . . . , S[xk] and 5[y\], . . . , 5[yk] are bases of V*, by first picking 
the x a , and then selecting each y a near the corresponding x a . Let us also 
fix pairwise disjoint open sets U\, . . . , Uk, U[, . . . , U' k in £ with x a E U a 
and y a G U' a for a = 1, . . . , fe. 

There must exist a C°° function / : £ — > R which is L 2 -orthogonal 
to V and such that / = 1 on £ \ £7, where f7 = £7i U . . . U Uk- In 
fact, let (j>i , . . . , 4>k be the basis of V dual to the basis 5[xi], . . . , 5[xk] of 
V*. Thus, 4>a{xb) = <5a6 for a,b = 1, . . . , fe. The functions (f>i, . . . ,(f>k are 
linearly independent, when treated as linear functionals acting, via the L 2 
inner product, on the space T of all C°° functions £ — > R with compact 
supports contained in {7. (Otherwise, some nontrivial combination of the 
a , being L 2 -orthogonal to .7-", would vanish everywhere in U, which is 
impossible as (f>a{xb) = <W) Hence, given Ai,...,A& G R, there exists 
^ £ J- with Jjj(j) a ^dx = X a for a = 1, . . . , fe. Choosing such £ for A a = 
— J E <p a dx, a = 1, . . . , fe, we can now define / by / = £ + 1. 

The same argument may be applied to the y a and f7„ rather than x a 
and f7 a . Thus, there exists a C°° function /i : £ — > R which is /^-orthog- 
onal to V and such that h = 1 on £ \ £7', with £7' = £7{ u . . . U £7£. As 
(A7\£7)U(A7\£7') = 17, this yields (i). Now (ii) follows if we set <p = f + ih 
with /, h as in (i) for V = {Rex ■ X G VV}. □ 

Proof of Theorem 2.18. We have /*[detc7"M] = r (g> i/ = Hom(f,y) as 
f*TM = t®v, and so the equivalence of (a) and (b) is obvious. Furthermore, 
(c) implies (a) in view of (5.1) with n = 2. Now assume (b) and let d be 
the Cauchy-Riemann operator appearing in (33.2. ii). Since d is elliptic, 
for any prescribed C°° section <f> of Hom(r, v) solvability of the equation 
dip = <j) with an unknown C°° section ip of v is equivalent to /^-or- 
thogonality of to the kernel of the formal adjoint of d. (To form the 
adjoint, one fixes Hermitian fibre metrics in r and u, along with a positive 
smooth measure density of on 17.) Lemma 34.1(h) now implies that (f> for 
which the equation is solvable may be chosen so as to be nowhere zero. (In 
fact, since we assume (b), we may fix a global C°° section of Hom(f, i/), 
unit relative to the Hermitian fibre metric naturally determined by those 
in r and v, and use it to treat sections of Hom(f,!/), including as 
functions £ — > C.) Choosing a deformation t <— ► /* of / in the direction 
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of the corresponding solution ip, and using (33.2), we now obtain (c); note 
that the section appearing in (33.2.ii) is nonzero everywhere in E since the 
vectors within square brackets in (33.3), one tangent and one normal to E, 
are nonzero whenever u is. □ 

35. Proofs of Theorem 2.19 and Corollaries 2.20 2.21 

We begin by proving Theorem 2.19 in the special case where the m distinct 
blown-up points, rather than being arbitrary, are selected in a particular 
way: the first c of them lie in E, and the last m — c in M \ E. 

By blowing up the m points we transform E into a complex submanifold 
E' of the resulting complex surface M' with [E'\ = ([E], 1, . . . , 1, 0, . . . , 0), 
where 1 occurs c times; this is clear since the Z m component of [E] in 
the decomposition (2.11) is formed by intersection numbers of £' with the 
ordered m-tuple of exceptional divisors. Hence, by (30.1), the restriction 
of ci(M') to £' is zero, so that, in view of Theorem 2.18, the inclusion 
mapping E ' — > M' is homotopic to a totally real embedding h : E — > M'. 
(We identify E' with E using the blow-down projection tt : M' — > M.) If h 
is chosen sufficiently C 1 -close to the inclusion £' — ► M' (cf. Theorem 2.18), 
h(E) will have a single, transverse intersection with each of the first c 
exceptional divisors, and will not intersect the other m — c of them. The 
composite h = iroh: £—>M thus is an embedding homotopic to the 
inclusion E — > M, having exactly c complex points removable by blow-up 
(cf. Section 13), located at the first c original blown-up points (that lay on 
E), and no other complex points. 

Let y\,...,y m now be an arbitrary m-tuple of distinct points in M. 
Deforming h slightly if necessary, we may assume that t/j ^ h(E) for 
j = 1, . . . , m. (If some yj is one of the c complex points of h(E) removable 
by blow-up, we deform h around yj using the flow of a C°° vector field on 
M supported in a small neigborhood of yj, which is holomorphic near yj, 
so that removability by blow-up is preserved.) Applying the final clause of 
Lemma 14.1 to these h and yj, we obtain an embedding h! : E — > M which, 
when the points y±, . . . , y m are blown up, becomes the required totally real 
embedding f : £ —> M', completing the proof of Theorem 2.19. 

Proof of Corollary 2.20. This is just Theorem 2.19 with c = 3d and E 
realized as a nonsingular degree d curve in CP 2 . (For instance, the curve 
given by x d + y d + z d = in the homogeneous coordinates [x,y,z].) □ 

Proof of Corollary 2.21. If d < 2, the assertion follows from Corollary 2.20 
for d < 2 (with a rearrangement of the blown-up points if d = 1). Now 
let d > 3, and let M be the complex surface obtained by blowing up a 
point in CP 2 . Using a complex automorphism of CP 2 , we may assume that 
the blown-up point is [0,0,1]. Equation x d = y d ~ l z, in the homogeneous 
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coordinates [x,y, z], defines a degree d singular curve in CP 2 , and blowing 
up its unique singularity, at [0, 0, 1], we transform it into a nonsingular hol- 
omorphic curve E C M, diffeomorphic to S 2 , with [E] = (d, d- 1). (In the 
holomorphic local coordinates £, r] for M making the blow-down projection 
appear as (£,rj) i— > [£,£77, 1], equation x d = y d ~~ 1 z reads £ = ij d ~ 1 , while the 
exceptional divisor is given by £ = 0.) We can now apply Theorem 2.19 to 
these M, E, with c = 2d + 1 (cf. (30.1)) and m = j-l. □ 

36. Further special cases of Theorem 2.17 

In Section 31 we proved Theorem 2.17 except for two cases, with which we 
deal here and in the next section. In the first remaining case, E is assumed 
oriented and M is obtained from CP 2 by blowing up any set of m distinct 
points, 1 < m < 8. As shown in Lemmas 32.3 and 32.4, E then must be 
either the torus T 2 , with the degree (0,0), or the sphere S 2 , with one of 
the degrees (32.4) and their trivial modifications. (Cf. the beginnining of 
Section 32.) We will now describe how each of these possibilities is realized. 

For (0,0), we fix a totally real 2-torus in an open ball U C C 2 (cf. 
(v) in Section 9), and then use a holomorphic embedding U — > M. That 
the degrees (32.4) and their trivial modifications are realized by totally real 
embedded 2-spheres with m < 8 is in turn clear, respectively, from Exam- 
ple 30.2 (combined with Lemma 12.1(a)), Corollary 15.3 for m = 3 (along 
with Lemmas 12.1(a) and 32.4), and Corollary 2.21 for d = 2,3. 

37. Theorem 2.17 for nonorientable surfaces 

Given a simply connected almost complex surface M, a closed real surface 
E, and a fixed element d of H 2 (M, Z[ 2 j) (notation of (2.3)), consider the 
following condition, imposed on d, in which q is defined by (1.4), and 
Z(E, M) is the set described in the lines following Theorem 2.2: 

(37 1) Every (i,d) G Z(E,M) with the second component d is the 
index-degree pair of some totally real embedding f : E —> M. 

Example 37.1. Condition (37.1) is satisfied by 

i) the torus E = T 2 and M as above, with d = 0, 

ii) the Klein bottle E = K 2 and d = 0, with any M as above for which 
q = 00 or q is finite but not divisible by 4, 

iii) M = CP 1 x CP 1 and E = K 2 , with any d G H 2 (M, Z 2 ) \ {(1, 1)}, 

iv) M = CP 1 x CP 1 and E = S 2 for d = (±1, =pl) G Z 2 = H 2 (M, Z), 

v) M = CP 2 and E = RP 2 , with d = 1 G {0, 1} = Z 2 = H 2 (M, Z 2 ). 

In fact, (i) and (ii) are immediate from (a) - (b) in Corollary 28.2, (iii) from 
Proposition 29.1, and (iv) from Remark 29.2 (where i must equal by 
(24.1)). Finally, (v) follows since Z(E,M) = 3 6 (RP 2 ) x 3° (CP 2 ) has just 
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one element (see (e) in Section 27, (24.3) and (24.4)), and that element is 
realized by the totally real embedding described in (vi) of Section 9. 

In the following lemma, by the mod 2 reduction of d € H2(M, Z2) we 
mean d itself. 

Lemma 37.2. Let M be a fixed simply connected almost complex surface. 
If condition (37.1) holds for a closed real surface E and d € H2(M, Z[ 2 ]), 
then (37.1) will remain satisfied after E and d have been replaced by the 
connected sum E ' j^T 2 j^K 2 and the mod 2 reduction of d. 

Proof. Let us assume (37.1), with our fixed M, for some given E and d. 
First, M, U#T 2 and d then satisfy a modified version of (37.1), obtained 
when the word 'embedding' is replaced by the phrase immersion having 
just one double point, at which the self-intersection is transverse and, for 
orientable E, also negative in the sense of Section 16. This is clear from 
Example 37. 1 (i) applied, instead of M, to a simply connected open subman- 
ifold U of M\Z", combined with Theorem 18.1 and (28.2). Specifically, to 
represent any given (i,d) £ Z{E #T 2 , M) with the second component d 
by a totally real immersion / : E # T 2 — > M having a single self-intersec- 
tion of the type just described, we write i = (i*,i'), as in (25.3.iii), and then 
obtain / from the connected-sum operation performed on the totally real 
embeddings E — > M and T 2 — > U C M that realize the index-degree pairs 
(i*,d) and (i',0). (By (25.3), the additional condition imposed on elements 
of Z(E,M) or Z(E#T 2 ,M) when E is nonorientable and x{ s ) is even, 
described in the lines following Theorem 2.2, holds for (i,d) if and only if 
it does for (i*, d).) 

We now use Lemma 16.2 to remove the self-intersection of each totally 
real immersion / : E #T 2 — > M obtained as above, which, as explained in 
Section 16, gives rise to a totally real embedding E#T 2 #K 2 -> M. Fi- 
nally, the assertion about homotopy classes in Lemma 16.2 implies (37.1) for 
E #T 2 # K 2 and d. In fact, the connected-sum operation in Lemma 16.2, 
resulting in E#T 2 #K 2 , may be viewed as involving one orientable sum- 
mand: when E is orientable, the summand in question is E#T 2 , while 
for nonorientable E it is T 2 (since E #T 2 # K 2 is then diffeomorphic 
to E#T 2 #T 2 ). Thus, if E is nonorientable, our claim follows from 
(25.3), since diffeomorphisms T 2 — > T 2 equal to the identity on some 
disk in T 2 (and, therefore, admitting extensions to E#T 2 #T 2 ), act on 
H2(T 2 ,Z) = Z 2 so as to realize every automorphism in SL(2,Z). Conse- 
quently, the T 2 Maslov indices Z 2 — > Z q constructed in Lemma 16.2 (which 
are trivial on one Z summand, and arbitrary on the other), represent, after 
re-parametrization, all Maslov indices Z 2 — > Z q , as required. Similarly, for 
orientable E, we obtain our conclusion using diffeomorphisms of K 2 equal 
to the identity on a disk. □ 
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We will now prove the last remaining case of Theorem 2.17, in which £ is 
assumed nonorientable. First, let M be C 2 , CP 2 or CP 1 x CP 1 . Every 
nonorientable closed surface admitting a totally real embedding in M now 
can be obtained from just one or two low-genus primary surfaces by repeated 
applications of the operation £ i-> £ #T 2 # K 2 (see Corollaries 2.12, 2.13 
and 2.10); specifically, for M= C 2 , or M = CP 2 , or M = CP 1 x CP 1 , the 
primary surfaces are: K 2 alone, or K 2 and RP 2 or, respectively, K 2 and 
S 2 . The assertion of Theorem 2.17 for the complex surfaces C 2 , CP 2 and 
CP 1 x CP 1 , with all nonorientable £, is now immediate from Lemma 37.2, 
since, in view of Example 37.1, it holds for the primary surfaces just listed. 
(If M = C 2 or M = CP 2 , (e) in Section 27 gives q = oo or q = 6, and, in 
both cases, d = for £ = K 2 by (2.10.ii). Similarly, if M = CP 1 x CP 1 , 
(2.10.ii) and (29.2) imply that d ^ (1, 1) for £ = K 2 .) 

Let M now be obtained from CP 2 by blowing up any set of m > 1 
distinct points, and let £ be a totally real closed surface embedded in M, 
By the total mod 2 degree of £ we mean the pair (d, s) with d G {0, 1} 
and s € {0,1,..., m}, characterized as follows. The mod 2 reduction of 
the degree [£] G H2(M, Zr 2 i ) (equal to [£] itself if £ in not orientable) 
can, in analogy with (30.2), be treated as a (m + l)-tuple (d, q±, . . . , q m ) of 
elements of Z2 = {0, 1}. This gives the value of d, while s is defined to be 
the number of times that 1 € Z2 occurs among the qj. Thus, s is the sum 
of the qj treated (and added) as integers with qj £ {0, 1}. 

For M, m, £, d, s with the properties just listed, 



This is immediate from Lemma 12.1(b) for n = k = 2 and Lemma 12.1(c). 
If, in addition, £ is nonorientable or diffeomorphic to S* 2 , then 



by (2.10) with d 2 = d — q\ — . . . — q m , for qj G {0, 1} C Z as above; the S 2 
case follows if one applies the mod 4 reduction to (2. lO.i) , since 2 = — 2 in 
Z4. We can rephrase (37.3) in the form of a table: 

Proving Theorem 2.17 for nonorientable surfaces is now reduced to re- 
alizing, for each row of Table 2, the leftmost total mod 2 degree (d, s) 
appearing in that row by a totally real embedding £ — > M (where M, 
again, arises from CP 2 by blowing up m points, and, this time, m = s). 
In fact, for the primary surfaces, the remaining total mod 2 degrees, in 
each row separately, are then immediately realized by starting from the 
leftmost one, and then successively applying (37.2). Next, for all the re- 
maining (non-primary) nonorientable closed surfaces, Theorem 2.17 follows 
from Lemma 37.2 (which now states that realizability for £ implies the 



(37.2) 



blowing up a point of M that lies in £ replaces the 
quadruple m,£,d,s with m + 1, £ # RP 2 , d, s + 1. 



(37.3) 



d — s — x(^) is divisible by 4 
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Table 2. The values, allowed by (37.3), of the total mod 2 
degree (d, s) for totally real embeddings with 1 < s < 7 
and the four 'primary' surfaces listed in the top row. Some 
values of (d, s) for S 2 and for s > 7 are listed as well. 



Row 


s 2 


RP 2 


K 2 


K 2 #RP 2 


K 2 #K 2 


1 






(0,0) 


(0,1) 


(0,2) 


2 


(0,2) 


(0,3) 


(0,4) 


(0,5) 


(0,6) 


3 


(0,6) 


(0,7) 


(0,8) 


(0,9) 


(0,10) 


4 


(0, 10) 


(0,11) 








5 




(1,0) 


(1,1) 


(1,2) 


(1,3) 


6 


(1,3) 


(1,4) 


(1,5) 


(1,6) 


(1,7) 



same for E # T 2 # K 2 , with m and (d, s) unchanged). On the other hand, 
Lemma 12.1(a) allows us to replace m = s with any m> s. 

The leftmost total mod 2 degree (d, s) in each row is in turn realized 
as follows. Row 1, by Example 20.2 and Lemma 28.1; Row 2, in view of 
Example 30.2; Row 3, from Corollary 2.21 for d = 2 (and j = 6); Row 4, 
by Corollary 2.21 for d = 4 (and j = 10); Row 5, by (vi) of Section 9; and, 
finally, Row 6, from Corollary 2.20 for d = 1 (and m = 3). 

The m distinct blown-up points in the above argument can be made 
arbitrary, even though the left-to-right steps in every row of Table 2 use 
Lemma 12.1, with the blown-up point lying on the original totally real sur- 
face. Namely, by Lemma 12.1(c), after a small deformation each of the 
resulting totally real surfaces E will have just one, transverse intersection 
point with any exceptional divisor that it intersects. Blowing down all such 
divisors gives rise to a finite set of complex points, all removable by blow-up, 
on a new surface E', and the final clause of Lemma 14.1 allows us to deform 
Z" so as to move the complex points to arbitrary prescribed locations, where 
they can be blown up again. 



Appendix. Spheres and tori in CP 2 # 9 CP 2 

Our proof, in the last section, of Theorem 2.17 for nonorientable surfaces, 
works not only if 1 < m < 8, but also for m = 9,10,11. The question 
of extending the classification of Theorem 2.17 to m € {9,10,11} is thus 
reduced to determining which values of the degree are realized, for such m, 
by totally real embeddings of oriented closed surfaces. 

We give here a partial answer to this question for m = 9. Namely, let 
M = CP 2 # 9 CP 2 be the complex surface obtained from CP 2 by blowing 
up any ordered set of nine distinct points. By Lemma 32.3, the only closed 
oriented surfaces admitting totally real embeddings in M are T 2 and 5 2 . 
In the case of T 2 , Lemma 32.3 also provides a list of possible degrees; in 
Example A. 5 below we realize all those degrees by totally real embeddings. 
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Theorem A. 6 below provides, in turn, an "algebraic classification" of the 
degrees of totally real embeddings S 2 — > M, analogous to that for T 2 in 
Lemma 32.3. We begin with some general remarks. 

Since being totally real is an open property, a totally real immersion 
/ : E — > M with compact E and diniR,A7 < dimcM leads, via a generic 
small deformation of /, to totally real embeddings. The following lemma 
shows that a similar deformation sometimes works when dimR,27 = dime M. 

Given a closed real manifold E, an integer d > 2, and a surjective homo- 
morphism ip : tt\E — ► Z^, let tt : E — > 17 be the d-fold covering projection 
corresponding to the subgroup Ker^? of 7TiA7. Thus, E is a principal 
bundle over E, and we will denote by A the complex line bundle associated 
with it via the standard action of Z^ on C . Note that A® d is trivial. 

Lemma A. 3. With E, d, ip, tt, E and A as above, let us suppose that A 
is real-isomorphic to a vector subbundle of TE. Then, for any totally real 
embedding f : E — > M in an almost complex manifold M, there exists a 
totally real embedding E — ► M which is C°° homotopic, through totally real 
immersions, to the composite immersion f o tt. 

Proof. Since / is totally real, our assumption about A allows us to choose 
an embedding F : U — > M, where U is a neighborhood of the zero section 
U in the total space of A, such that F = f on 27. (In fact, we may 
let F be the composite of an injective real vector-bundle morphism from 
A to the normal bundle of /, which exists in view of (5.1), followed by 
a tubular-neighborhood diffeomorphism.) As E is naturally embedded in 
the total space of the unit circle bundle of A and ir : E — > E is the 
restriction to E of the bundle projection tt : A — > E, the mappings given 
by E 3 £ i— > F(t£) G M, each of them depending on a fixed parameter 
t > close to 0, form a C°° homotopy between / o tt (with t = 0) and an 
embedding 17 — > M (with any t > near 0). Being totally real is an open 
property; thus, for t close to such embeddings are totally real. □ 

Example A. 4. Given a totally real embedding / : T 2 —> M of the 2-torus 
in an almost complex surface M and a d-fold self-covering tt : T 2 — > T 2 , 
d > 2, there exists a totally real embedding T 2 — > M homotopic through 
totally real immersions to f o tt. This is clear from Lemma A. 3 for E = 
E = T 2 . (The corresponding A is trivial, since so is A^^ and tt\E is free.) 

Example A. 5. Let M = CP 2 # 9 CP 2 be the complex surface obtained by 
blowing up any set of nine distinct points in CP 2 . By Lemma 32.3, the de- 
gree of any totally real embedding T 2 — > M equals (3s, s, s, s, s, s, s, s, s, s) 
for some s € Z. We now show that, conversely, every such degree is realized 
by some totally real embedding / : T 2 — ► M. First, if s = 1, the embedding 
/ is provided by Corollary 2.20 with d = 3 and m = 9. If s > 1, we can 
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use Example A. 4 for this last / and d = s. Finally, in the cases s < and 
s = it suffices to re-orient U or, respectively, invoke Corollary 28.2(a). 

For the degrees of totally real embedded 2-spheres, we have a partial result: 

Theorem A. 6. For every prescribed integer d, the system (32. f) with m = 
9 and x = 2 has a unique solution (d, q) = (d, qi, . . . , q m ) that satisfies the 
normalizing condition q± > . . . > q m , cf. Remark 32.2. Explicitly, we have 

(s + 1, s, s, s, s, s, s, s, s — 1) , if d = 3s, sGZ, 
(qi,...,qg) = <(s + l,s + l,s + l,s,s,s,s,s,s), if d = 3s + 1, s G Z , 
(s, s, s, s, s, s, s — 1, s — 1, s — 1) , if d = 3s — 1, s G Z . 

In fact, (32.3) with m = 9 and % = 2 yields \q — s| 2 G {2,3}. Setting 
Pj = qj — s and then decomposing 2 or 3 into all possible sums Y^j=i Pj 
with pj G Z, pi > . . . > pg and 5^j=iPi = 3(d — 3s) (which is the first 
equation in (32.1)), we easily obtain the required formula for (qi, . . . , qg). 
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